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TWO-PARAMETRIC ERROR ESTIMATES 
IN HOMOGENIZATION OF SECOND ORDER ELLIPTIC 
SYSTEMS IN INCLUDING LOWER ORDER TERMS 

YU. M. MESHKOVA AND T. A. SUSLINA 


Abstract. In L2(R‘^;C"'), we consider a selfadjoint operator Be, 
0 < e ^ 1, given by the differential expression 6(D)*(ji(x/£)6(D) + 
+ Djaj(x/e)*) + Q(x/e), where 6(D) = 
is the first order differential operator, and g,aj,Q are matrix-valued 
functions in periodic with respect to some lattice E. It is assumed 
that g is bounded and positive definite, while aj and Q are, in general, 
unbounded. We study the generalized resolvent {Be — CQo(x/£))“^, 
where Qo is a E-periodic, bounded and positive definite matrix-valued 
function, and ^ is a comp lex-valued parameter. Approximations for the 
generalized resolvent in the (L 2 ^ L 2 )- and (L 2 ^ E/^)-norms with 
two-parametric error estimates (with respect to the parameters £ and ()) 
are obtained. 
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Introduction 

The paper concerns homogenization theory of periodic differential oper¬ 
ators (DO’s). A broad literature is devoted to homogenization problems. 
First, we mention the books [BeLPap] IBaPanl IZhKOj . 

0.1. Statement of the problem. We study matrix elliptic DO’s Bg, 
0 < e ^ 1, acting in the space Let P be a lattice in and 

let D be the cell of P. For P-periodic functions in R'^, we use the notation 
V’^(x) := i/^(e“^x) and 4> := i/’(x) dx. 

The principal part Ae of the operator is given in a factorized form 

A = 6(D)*/(x)6(D), (0.1) 

where 6(D) is a matrix homogeneous first order DO and g{x) is a bounded 
and positive dehnite P-periodic matrix-valued function in R'’*. (The precise 
assumptions on 6(D) and g{x) are given below in Subsection 11.31 1 The 
simplest example of the operator Ae is the acoustics operator — divg'^(x)V; 
the operator of elasticity theory also can be represented in the required form. 
The homogenization problem for the operator Ae was studied in a series of 
papers [BSull IBSu2[ IBSu3] and also in [SuSl ISu7] in detail. In the present 
paper we consider a more general selfadjoint DO Be including lower order 
terms; 

d 

Be = 6(D)*/(x)6(D) + {a^j{x)D, + D,a^^(x)*) + Q%x). (0.2) 

i=i 

Here aj{x) are P-periodic matrix-valued functions, in general, unbounded. 
In general, the coefficient Q(x) is a distribution generated by a periodic 
matrix-valued measure. (The precise assumptions on the coefficients are 
given below in Subsections 11.4111.51 1 The precise definition of the operator 
Be is given in terms of the corresponding quadratic form. 

The coefficients of the differential expression (lEl oscillate rapidly as 
e —>■ 0. A typical homogenization problem for the operator Be is to approxi¬ 
mate the resolvent {Be — or the generalized resolvent {Be — CQq)~^ for 

small e. Here Qo(x) is a positive definite and bounded T-periodic matrix¬ 
valued function. 

0.2. A survey of the results on the operator error estimates. The 

homogenization problem for the operator Ae was studied in a series of papers 
[BSuH [BSu2( IBSu^ by M. Sh. Birman and T. A. Suslina. In [BSulj . it was 
proved that 


IKAg-l-I) ^ - (A.° -I- I) ^ 


(0.3) 
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Here = 6(D)*g(*^6(D) is the effective operator with a constant effective 
matrix . The definition of the effective matrix (see Subsection 11.81 below) 
is well known in homogenization theory. Next, in [BSu3| approximation of 
the resolvent {As + 1)~^ in the norm of operators acting from C"") to 

the Sobolev space was obtained: 

IK^e + I) ^ — (^° +/) ^ ^ 

Here /C(e) is a corrector. The corrector has zero order with respect to e, but 
it involves rapidly oscillating factors. Therefore, \\K^ff)\\L 2 ^H^ — 
Estimates of the form (jO.Sp and (jO.dh are called operator error estimates] 
they are order-sharp, and the constants in estimates are controlled explicitly 
in terms of the problem data. The method of [BSuip IBSu2t IBSu3] is based 
on the scaling transformation, the Floquet-Bloch theory, and the analytic 
perturbation theory. 

Later the method of [BSull [BSu2l IBSu^ was developed by T. A. Suslina 
[Sull ISu2[ ISu6] for the operator (10.2p . In |Su2] . the following analogs of 
estimates (10.3p and (10.4p were obtained: 

II(Be + AQo) ^ + AQo) ^IIl2(R‘^)-)-L2(iR‘^) ^ 

\\(Be + \Q%) ^ — (B° + AQo) ^ ^ 

Here the real-valued parameter A is such that the operator + XQq is 
positive definite; is the corresponding effective operator with constant 
coefficients. Estimates (IQ3]) and (jO.611 are order-sharp, and the constants 
in estimates are controlled explicitly in terms of the problem data and |A| 
(however, in the cited papers the optimal dependence of the constants in 
estimates on the spectral parameter A was not searched out). 

A different approach to operator error estimates in homogenization theory 
was suggested by V. V. Zhikov. In [Zhll IZh2| and [ZhPas] , estimates of the 
form ()0.3p and (jO.dp for the acoustics operator and the operator of elasticity 
theory were obtained. The method was based on analysis of the first order 
approximation to the solution and introduction of an additional parameter. 
Besides the problems in M'^, in [Zhip IZh2l IZhPas] homogenization problems 
for elliptic equations in a bounded domain O C with the Dirichlet or 
Neumann boundary conditions were studied. 

Also, operator error estimates for the Dirichlet and Neumann problems for 
a second order elliptic equation in a bounded domain (without lower order 
terms) have been studied by different methods in the papers [Grit IGr2| . 
[KeLiSj , [PSuj , |Su31 ISu41 ISu5[ ISu7j ; see a detailed survey in the introduction 
to |Su41 ISu7| . 

In the presence of the lower order terms, homogenization problem for 
the operator of the form (in.2|l in was studied in the paper |Bo| by 
D. I. Borisov. In [Boj . expression for the effective operator B^ was found and 
error estimates of the form (|0.5|1 and (jO.bp were obtained. Moreover, it was 
assumed that the coefficients of the operator depend not only on the rapid 
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variable, but also on the slow variable. However, in [Boj it was assumed 
that the coefficients are sufficiently smooth. 

Up to now, we have discussed the results about approximation of the re¬ 
solvent at a fixed regular point. Approximations of the operator {As — 
with error estimates depending on e and C, = |C|e*'^ € C \M+ were obtained 
in the recent papers |Su5t ISu7| . It was proved that 

||(Ae - a)-' - ^ C{ct>)\C\-"'^e, (0.7) 

ll(-^e“C-^) ^ - (1) ^ C) Ilia ^ + 1^1 

( 0 . 8 ) 

The dependence of the constants in estimates (|0.7jl and (|0.8jl on the angle (p 
was traced. Estimates (j0.7p and (j0.8p are two-parametric (with respect to e 
and Id); they are uniform with respect to cp in any sector (/> € [<po,2Tr — tpo] 
with arbitrarily small (po > 0. Also, in [Su5t ISu7] the operators Ad,£ and 
AN,e given by the expression (lO.ip in a bounded domain with the Dirichlet 
or Neumann boundary conditions were studied. Approximations of the re¬ 
solvents of these operators with two-parametric error estimates were found. 

Investigation of the two-parametric estimates of the form (I0.7p and (j0.8p 
was stimulated by the study of homogenization for the parabolic problems. 
This study is based on the following representation for the operator expo¬ 
nential: 

e-A.e* = -{2ni)-^ [ e-«‘(At., - a)"' dQ, \ = D,N, 

■h 

where 7 C C is a contour on the complex plane enclosing the spectrum of 
the operator A^^s (iii the positive direction). See details in [MSull lMSu2| . 

0.3. Main results. Before we formulate the results, it is convenient to turn 
to the nonnegative operator Bs = Bs+cQq, choosing an appropriate constant 
c. Then the corresponding effective operator is + cQq. Our goal is 

to approximate the generalized resolvent {Bs — CQo)~^ with error estimates 
depending on e and the spectral parameter d 
Our main results are the following estimates: 

II(B, - CQl)-^ - (bO - d C{P>)e\C\-^l\ (0.9) 

WiBe — CQo) ^ — {B^ — CQo) ^ ^ (*^-10) 

for C G C \ M+, Id ^ 1, and 0 < e d 1- The dependence of the con¬ 
stants in estimates on the angle (p = arg(^ is traced. The two-parametric 
estimates (jO.Op and (jO.IOp are uniform with respect to (p in any domain 
{C = G C : Id ^ 1 , 00 d 0 d Svr — 0o} with arbitrarily small 0o > 0 . 

In the general case, the corrector in (|0.10l) contains a smoothing operator. 
We distinguish the cases where a simpler corrector can be used. 

Also, we find approximation in the (L 2 ^ L 2 )-norm for the operator 
g^h{pD){Bs — CQo)~^ corresponding to the flux. 
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Estimates (10.9p and (jO-lOp are generalizations of estimates (j0.7p and (jO.Sp 
from |Sn5t ISn7] for the case of the operator including the lower order 
terms. However, there is a difference: estimates (jn.7p and (jO.Sp are valid 
for all C € C \ M+, while estimates (10.Op and (lO.lOp are proved under the 
additional assumption that |C| ^ 1- This is related to the presence of the 
lower order terms. 

For completeness, we find approximation of the operator — CQo)~^ in 
a wider domain of the parameter the corresponding error estimates have 
a different behavior with respect to C- (See Section [ 8 ] below.) 

0.4. Method. The method is based on application of the known results 
at a fixed point, the scaling transformation, and appropriate identities for 
generalized resolvents. We consider the auxiliary operator family B^{'&) 
depending on the additional parameter 0 < i? ^ 1. The operator is 

given by B,{^) = 6 (D)* 5 " 6 (D) +ZU + ^^o)- 

Estimates (|0.5I) and (10. 6 p at a fixed point A are valid for {B^{i!}) + AQq)"^ 
with the common constants for all 0 < i? ^ 1 . 

Let us discuss the proof of estimate (|0.9I1 . Using (|0.5p for B^{i!}), by the 
scaling transformation, we obtain 

||(i3(e;i?) + Ae^Qo) ^ i?) + Ae^Qo) ^IIl 2(R‘*)^T2(R‘^) (Oil) 

^ Ce~^, 0 <'d^l, 0 <e^ 

(For 1 < e ^ 'd~^ we use rather rough estimates.) Here 

d 

B{e]'d) = 6 (D)* 5 r(x) 6 (D) + '0e'^^{aj{x.)Dj + Djaj{x.)*) 

i=i 

+ -d^e^Q(x) + -d^e^cQo(x), 

and the operator B^{e;'&) is obtained from the effective operator B^ in 
a similar way. By an appropriate identity for the generalized resolvents, we 
carry estimate (| 0 . 1 ip over to the point C = (j) € ( 0 , 2tt): 

||(H(e;i?) -Ce^Qo)"^ - - Ce^Qo)"iL 2 (R'^)^L 2 (R'') ^ 

In this inequality, we put e = and t? = where 0 < e ^ 1. The 

restriction ^ 1 ensures that 0 < i? ^ 1. By the inverse scaling transfor¬ 
mation, renaming e =: e, we arrive at (10.9|) . Estimate (10.101) is checked by 
the same method. 

The trick based on the scaling transformation and the appropriate resol¬ 
vent identities was applied before in |Su5) ISuT] . In the present paper, we 
use one more trick, namely, introduction of the additional parameter -d; this 
is related to the presence of the lower order terms. 

The authors plan to apply the results of the present paper to homoge¬ 
nization of elliptic systems in a bounded domain O C a separate paper 
|MSu3] is in preparation. 
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0.5. Plan of the paper. The paper consists of nine sections. In Sectiordl 
the class of operators is introduced, the effective operator is described, and 
the results of the paper |Su 2 ] are formulated. Section [2] contains the auxiliary 
material. In Section [3l from (jO.OI) we deduce a similar estimate, but with a 
different smoothing operator in the corrector (we turn to the Steklov smooth¬ 
ing, since it is more convenient for further investigation of the problems in 
a bounded domain). Main results are formulated in Section 01 The proof of 
estimate (I0.9p is given in Section O Section [ 6 ] contains the proof of estimate 
(| 0 . 10 j) and the proof of approximation for the ,,flux” 

In Section [71 we distinguish the cases where the smoothing operator in the 
corrector can be removed, and discuss some special cases. Approximations 
of the generalized resolvent for a wider domain of Q are obtained in Sec¬ 
tion [H In Section [9l some applications of the general results are discussed. 
The scalar elliptic operator of the form 

= (D - A"(x))*/(x)(D - A"(x)) + e-iu"(x) + V"(x) 

is considered; it can be treated as the periodic Schrodinger operator with 
rapidly oscillating metric 5 ^, magnetic potential A^, and electric potential 
g-i.y£ - 1 -ye containing the singular first term. Also, the periodic Schrodinger 
operator involving a strongly singular potential £~‘^v^ is studied. 

0.6. Notation. Let io and ij* be complex separable Hilbert spaces. The 
symbols (•, and || • stand for the inner product and the norm in Sj] the 
symbol || • denotes the norm of a continuous linear operator acting 

from S) to i^*. 

The symbols (•, •) and | ■ | denote the inner product and the norm in C”; 
In is the identity (n x n)-matrix. For z £ C, we write z* for the complex 
conjugate number. (This nonstandard notation is employed because g de¬ 
notes the mean value of a periodic function 5 '(x).) If a is an (m x n)-matrix, 
then |a| denotes the norm of the corresponding operator from C"' to C™'. 
We use the notation x = (xi,..., Xd) £ iBj = dj = d/dxj, j = 1,..., d, 
D = —iV = {Di, ..., Dd). The Lp-classes of C"^-valued functions in a do¬ 
main O C are denoted by Lp{0]C^), 1 ^ p ^ 00 . The Sobolev classes 
of C”-valued functions in a domain O are denoted by iL^(0;C”). If n = 1, 
we write simply Lp{0), H^{0), but sometimes we use such abbreviated 
notation also for spaces of vector-valued or matrix-valued functions. 

We denote M+ = [0,oo). Various constants in estimates are denoted by 
the symbols c, c, C, (t (possibly, with indices and marks). 


1. The class of operators. Approximation of the generalized 

RESOLVENT + AqQo)”^ 

In this section, we introduce the class of operators under consideration, 
describe the effective operator, and formulate the results of the paper [Su2| . 
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1.1. Lattices in R“. Let L C be a lattice generated by a basis ai,..., a^: 

r = •^aeR'^ : a = . 

Let 11 be the elementary cell of the lattice L: 

H = |x G R'^' : X = ^ r,aj, -^ < Tj < ^ I . 

We denote |11| = measH and 2ri = diamll. 

The basis bi,..., € R*^ dual to the basis ai,..., a^ is defined by the 

relations (bj,aj) = 2'K6ji, where 6ji is the Kronecker delta. The lattice 


r='|bGR'^ : b = € Z 

1=1 


generated by the dual basis is called the lattice dual to T. We denote by 11 
the central Brillouin zone of the lattice T: 

11 = |k G R^ : |k| < |k - b|, 0 ^ b G f I . 

Note that H is a fundamental domain of T. Let ro be the radius of the ball 
inscribed in closH, i. e., 2ro = minp^j^gP |b|. 

For T-periodic measurable matrix-valued functions, we systematically use 
the following notation: 

/^(x) := /(x/e), e > 0; 

J:=\n\-^ f /(x)dx, l:= (\n\-^ f /(x)"^ dx^ . 

Jn \ Jn / 

Here, in the definition of / it is assumed that / G Li ,loc(M''), and in the 
definition of / is is assumed that the matrix / is square and nondegenerate, 
and f~^ G Li ioc(R'^). Let [f^] denote the operator of multiplication by the 
matrix-valued function /'"(x). 

By Lr^(ll) we denote the subspace of all functions in whose T- 

periodic extension to R'^ belongs to 


(k) 

1.2. The smoothing operator He. Let H^ , e > 0, be the pseudodiffer¬ 
ential operator with the symbol acting in L2(R‘^; C^) (where k G N), 

i. e., 

(nf)u)(x) = ( 27 r )-^/2 £ u G L 2 (R^; C^^). ( 1 . 1 ) 

Jn/e 
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Here u is the Fourier-image of the function u. Obviously, for u € C^) 

we have Hg^^D^u = for any multiindex a such that |q;| ^ s. In 

(k) 

what follows, we drop the index k in the notation H^ ' and write simply H^. 

Below we need the following properties of the operator H^ proved in |PSn[ 
Proposition 1.4] and |BSu3l Subsection 10.2], 

Proposition 1.1. For any function u € and e > 0 we have 

PeU - u||^2 (K0 ^ ^^o'iDu||^2(RO- 

Proposition 1.2. Let f be a F-periodic function m such that f G L 2 {Fl). 
Then the operator [/^jHg is continuous in and 

ll[/^]n£||L2(Kd)_5.L2(R‘*) ^ 1^1 ^^‘^\\f\\L2{n), £ > 0. 

1.3. The operator A. In L2(M‘^;C"'), we consider the operator A given 
formally by the differential expression 

^ = 6(D)*5(x)6(D), xGM'^. 

Here is a P-periodic Hermitian matrix-valued function of size m x m, in 
general, with complex entries. It is assumed that 

5((x) > 0, g,g~^ € Too(K‘^)- (1-2) 

Next, 6(D) is the first order DO with constant coefficients given by 

d 

6 (D) = ^6;A. (1.3) 

1=1 

Here bi, I = ^, ■ ■ ■ ,d, are constant (mxn)-matrices, in general, with complex 
entries. Let 6(^) = X]f=i be the symbol of the operator 6(D). We assume 
that m ^ n and 

rank6(^) = n, 0 / ^ 

This condition is equivalent to the existence of positive constants oq and oi 
such that 

ooln ^ b{6)*b{6) ^ ailn, 0 € 0 < oq ^ oi < C)0. (1.4) 

From (jl.4[) it follows that 

|6i| ^ / = 1,... ,d. (1.5) 

The precise definition is the following: A is the selfadjoint operator in 
L2(M'^;C”') generated by the quadratic form 

o[u,u]= f (5((x)6(D)u(x), 6 (D)u(x)) dx, u G C""). 

JRd 

The form a is closed and nonnegative because of the estimates 

^o\\9~^\\lI [ |Du(x)|2dx ^ a[u,u] ^ ai||c/||L^ / |Du(x)|2dx, 

jRd- JRd (l-o) 

u G H'^(M'^;C”), 
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that follow from (jl.2p and (jl.4p . 


1.4. The operators y and T 2 - We consider the closed operator y acting 
from L 2 ( 1 K'^;C"') to L 2 ( 1 K'^; and defined by 

Tu = Du = col {Diu,..., Ddu}, u € C*"). 

The lower estimate (11.61) means that 

ll^ullLcKd) ^ c?o[u,u], Cl = u € (1.7) 

Let aj(x), j = 1,... ,d, he L-periodic (n x n)-matrix-valued functions in 
(in general, with complex entries) such that 

Qj € Lp{Q), /? = 2 for d = 1, p > d for d ^ 2; j = 1 ,..., d. (1-8) 

We consider the operator T 2 : L 2 (M'^; C") ^ L 2 (M‘^; C'^") that acts as multi¬ 
plication by the (dn x n)-matrix-valued function consisting of the matrices 
aj(x)*, j = 1,..., d. In other words, 

T 2 u(x) = col {ai(x)*u(x),..., arf(x)*u(x)}, u G id^(M'^; C"). 

Using the Holder inequality and the Sobolev embedding theorem, it is easy 
to check (see |Su2[ (5.11)-(5.14)]) that for any ly > 0 there exist constants 
Cj{iy) > 0 such that 

u € ddi(M'^;C"), j = l,...,d. 

Summing over j and taking the lower estimate ()1.6p into account, we see 
that for any p > 0 there exists a constant C'(p) > 0 such that 

||3^2u||2^(jjd) ^ i/o[u,u]+C(p)||u||2^(g,), UG (1.9) 

For v fixed, the constant C{iy) depends only on d, p, ao, ||p~^||loo) the norms 
l|ojllLp(n)) j = 1, • • • , d, and the parameters of the lattice F. 


1.5. The form q. Suppose that dp(x) is a F-periodic Borel cr-finite measure 
in with values in the class of Hermitian (n x n)-matrices. In other words, 
dp(x) = {dpj;(x)}, j,l = l,...,n, where dg,ji{'x.) is a complex-valued F- 
periodic measure in R'^, and dpj/ = dp*^.. Suppose that the measure dp is 
such that the function |u(x)|^ is integrable with respect to each measure 
dpj 7 for any u G 

In L 2 (l^^iC"’), we consider the quadratic form 



u G H'^(R'^;C”). 

( 1 . 10 ) 


The measure dp is subject to the following condition. 
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Condition 1.3. There exist constants cq ^ 0, C 2 ^ 0, C 3 ^ 0, and 
0 ^ c < aolb”^ 11^,1, such that 


—cIlDu 


ILcd) -co||u||i2(o) ^ jjdn{x)u,u) 


€ 


C2||Du||2^(f^) +C3 ||u||2^(^), u e H\n-,C^). 


( 1 . 11 ) 


For u € C^), writing inequalities of the form (jl.lip over the shifted 

cells fl + a, a € r, and summing up, we obtain similar inequalities in R'^. 
Together with (jl.6h this yields 


-(1 -K)a[u,u] -co||u||2^(]gi) 


^ g[u, u] ^ C 2 a[u, u] + C 3 ||u||^^(jjd), u G C”), 


( 1 . 12 ) 


where 


C 2 = 0200^115 ^I|loo> = 1 - cao^lb 0 < k ^ 1. (1.13) 

Examples of forms (jl.lOl) are given in [Su2( Subsection 5.5]. Here we give 
only the main example (see [Su21 Example 5.3]). 

Example 1.4. Suppose that the measure dfj, is absolutely continuous with 
respect to Lebesgue measure: dfj.{x.) = Q{x) dx, where (5(x) is a F-periodic 
Hermitian (n x n)-matrix-valued function in x G R'^ such that 

Q G Ts(H), s = 1 for d = 1, s > d/2 for d ^ 2. (1-14) 

Then Q'[u, u] = (Qu, u)^ 2 (R'i)j u G dd^(R'^;C”), and for any u > 0 there 
exists a constant Cq{v) > 0 such that 

f |(Q(x)u, u)| dx ^ u f jDuj^ dx + C'q(u) f juj^dx, u G 1/^(0; C"'). 

J Q, 

If n is fixed, the constant Cq{v) is controlled in terms of d, s, llQllLs(n)) a-iid 
the parameters of the lattice F. Putting v = 2“^q:o]|( 7“^11/^, see that 
Condition Ol is satisfied with c = u, cq = Cq{v), C2 = 1, and C 3 = Cq{ 1 ). 
Then, by (I1.13p . C 2 = ^IIloo and k = 1/2. 

1.6. The operator B{e). In L 2 (R'^; C”), we consider the family of operators 
yB(e), 0 < e ^ I, formally given by the differential expression 

B{s) = .4 + e(T 2 3^ + r T 2 ) + 

d 

= 6 (D)*g'(x) 6 (D) + («i(x)T)j + DjUj^x.)*) + e^Q(x), 

i=i 

where Q(x) can be interpreted as the generalized matrix-valued potential 
generated by the measure dfi(x). Precisely, B{e) is the selfadjoint operator 
generated by the quadratic form 

b(e)[u,u] = a[u,u] -h 2eRe (Tu, T 2 u)i 2 (Kd) +e^Q'[u,u], u G id^(R'^;C”). 

(1.15) 
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Let US check that the form (jl.l5p is closed and lower semibounded. By (ll.7jl 
and (jl.9p . 


r 1 9 M 119 

^ —a[u, uj -|-C 4 e l|u" 


2e|Re (3^u,3^2u)i2 
u € C 4 = Ak~^CiC{uq) for pq = ^^(Ihci) 


.2\-l 


(1.16) 


Now, the lower estimate (11.121) . relation (|1.16l) . and the restriction 0 < e ^ 1 
imply the lower estimate for the form (I1.15D : 


b(e)[u,u] ^ |a[u,u] - (cq + C4)e2||u||2^(jjd), 


ugH 


1 , 


Together with the lower estimate (|1.6p this yields 

b(e)[u,u] ^ c*||Du||2^(j^d^ - (co + C4)e^||u"2 




u e 0 < e ^ 1; c* := ■^aollff ^ ^ 

Combining (|1.7p . (II.9p with = 1, and the upper estimate (|1.12l) . we arrive 
at 

b(e)[u,u] ^ (2 + c? + C 2 )a[u,u] + (C'(1) + C3)e^||u||2^(jj4), u € (R'^ ; . 

Together with the upper estimate (II.6p this leads to 

b(e)[u,u] ^a||Du||2^(^4) + (C(l) + C3)e2||u||2^(jj4), 

ugH^(R^;C^), 0<£^1; a := (2 + c? + C2)ai||5||L^. 


1.7. The operator Bg. Let Tg, e > 0, be the unitary scaling transformation 
in L 2 (M'^;C"') defined by 

(T£u)(x) = e'^'^^u(ex), u G L 2 ( 1 K^;C”'), e > 0. (1-19) 

Let As be the selfadjoint operator in L2(1^'^;C"') corresponding to the 
quadratic form 

a£[u,u] := e“^a[r£U,T£u] = (/6(D)u, 6(D)u)£,2(R<i), u G H^(R'^;C'^). 

Formally, we have Ae = b(D)*{x.)b(D). 

We introduce the operator T 2 ,£ defined by 

(3^2,£u)(x) = col{a 4 (x)*u(x),... ,a^(x)*u(x)}, u G C"-). 

Let dg be a measure defined in Subsection 11.51 We define the mea¬ 
sure dg^ as follows. For any Borel set A C we consider the set 
e“^A := {x G : ex G A} and put g^{^) := e'^g{£~^A). Consider the 
quadratic form defined by 

ge[u,u]= f {dg^-x.)u,u), u G 
jRd- 
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We put Be := e ‘^T*B{e)Te, 0 < e ^ 1. In other words, Be is the selfad- 
joint operator in L 2 (M'^;C"') generated by the quadratic form 

b£[u,u] := e-^b{s)[TeU,Teu] 

= a£[u,u] + 2 Re( 3 ^u, 3 ^ 2 ,£u)^ 2 (R'i) +^e[u,u], u G ■ C'^). 

( 1 . 20 ) 

Relations (jl.20p . and (11.181) imply that 

I’elu, u] ^ c* — (co + C 4 )||u||^^|.jgd^, u G 77 (M ; C ), (1-21) 

be[u,u\ ^ a||Du||2^(gd) + (Cl(l)+ C3)||u||2^(gd), U G 

for 0 < e ^ 1. Thus, the form be is closed and lower semibounded. Formally, 
we can write 

d 

Be = 5(D)*/(x)6(D) + (x)*) + Q"(x). (1.22) 

i=i 

Here can be interpreted as the generalized matrix potential generated by 
the measure We see that the coefficients of the operator Be oscillate 
rapidly for small e. 

1.8. The effective matrix. The effective operator for Ae = 
6 (D)* 5 r^(x) 6 (D) is given by = 6 (D)*g'‘^ 6 (D). Here is a con¬ 
stant positive (m x m)-matrix called the effective matrix. The matrix 
is defined in terms of the solution of the auxiliary problem on H. Suppose 
that a T-periodic (n x m)-matrix-valued function A(x) is the solution of 
the problem 

6 (D)*ff(x)( 6 (D)A(x)+ 1^) = 0, [ A(x)dx = 0. (1.23) 

Jn 

(The equation is understood in the weak sense.) Then the effective matrix 
is given by 

5° = [ 5 (x)dx, (1.24) 

Jn 

where 

5 (x) := 5 '(x)( 6 (D)A(x) -k 1^)- (1-25) 

It is easily seen that g^ is positive definite. 

We need the following estimates for A proved in |BSu2[ (6.28) and Sub¬ 
section 7.3]: 

I|A||l,(d) ^ Ml :=mi/2(2ro)-iao"'^'ll5ll£lb“'lli(!, (1-26) 

||DA||i,(i 2 ) ^ M 2 := (1.27) 

The effective matrix has the following properties (see [BSull Chapter 3, 
Theorem 1.5]). 
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Proposition 1.5. Let be the effective matrix (|1.24l) . Then 


^ 9 - 


(1.28) 


If m = n, then = g. 


Estimates (I1.28P are known in homogenization theory as the Voigt-Reuss 
bracketing. From (11.281) it follows that 

|9°I < ll9llL„, I(9“)-'|<I|9 -'IIl„. 

Now we distinguish the cases where one of the inequalities in (11.281) be¬ 
comes an identity (see [BSult Chapter 3, Propositions 1.6 and 1.7]). 

Proposition 1.6. The identity g^ = g is equivalent to the relations 

^(D)*gA:(x) = 0, A: = l,...,m, (1.29) 

where gfc(x), A: = 1,..., m, are the columns of the matrix ^(x). 

Proposition 1.7. The identity g^ = g is equivalent to the representations 

Ifc(x) = l0 + 6 (D)wfc, k = l,...,m, (1.30) 

where Ifc(x), k = 1 ,... ,m, are the columns of the matrix g{x.)~^. 

1.9. The effective operator The effective operator for B^ was intro¬ 
duced in [Su2| (see also [Bo] ). 

Suppose that a P-periodic (n x n)-matrix-valued function A(x) is the 
(weak) solution of the problem 

d 

6 (D)* 5 (x) 6 (D)A(x) + = 0, 

i=i 

Define constant matrices V and W as follows: 

P = |D|-i [ ( 6 (D)A(x))* 5 (x)( 6 (D)A(x)) dx, (1.32) 

Jn 

W = \n\-^ [ ( 6 (D)A(x))* 5 (x)( 6 (D)A(x))dx. (1.33) 

Jn 

The effective operator for the operator ()1.22p is given by 

d 

= 6 (D)* 5 ° 6 (D) - 6 (D)*P - P* 6 (D) + + a*)Dj -W + Q. (1.34) 

i=i 

The operator B^ is a second order elliptic operator with constant coefficients. 

According to |Su 6 [ (5.7)], if A > cq -|- C 4 , then the symbol Aa(^) of the 
operator B^ + XI satisfies Aa(^) ^ ca(|^P -|- l)ln) ^ where ca = 

min{c*; A — cq — C4}. Putting A* := cq -|- C4 -|- c*, we obtain the following 
estimate for the symbol A*(^) of the operator B^ + A*/: 


A(x)dx = 0. (1-31) 



















14 


YU. M. MESHKOVA AND T. A. SUSLINA 


Consequently, the quadratic form of the operator satisfies 
b°[u,u] + ^ c* (^||Du||2^(^d) + , u € 

Since A* = cq + C 4 + c*, we deduce 

b°[u,u] ^ c*||Du|| 2^(^4) - (co+ C4)||u||2^(jjd^, u G F1(]R'^;C”). (1.35) 

Below we need the following estimates for A proved in |Su2l (7.52) and 
(7.51)]: 

I|A||l 2 (d) ^ (2ro)"^Can^/2^o^||5"^||L^, (1.36) 

||DA||^,(j,) ^ (1.37) 

where = Y.'l=i In l«i(x)|^ dx. 

1.10. The generalized resolvent. Let Qo(x) be a F-periodic (n x n)- 
matrix-valued function such that 

Qo(x) > 0, Qo,Qo^ G Loo(K'^)- 

We study the generalized resolvent of the operator B^, i. e., the operator 
{Be — zQq)~^. We rely on the results of |Su2j . where approximations for 
this resolvent at a fixed real point z were obtained. Before we formulate 
the results, it is convenient to turn from the operator Be to the nonnegative 
operator 

Be:=Be + C5Qf„ (1.38) 

putting C5 := (co + C4 )||Qo^||loo- From (ll.21[) it follows that Be ^ 0. 
Observe that the operator Be can be considered as the operator of the 
form ()1.22j) with the initial coefficients <7^, a|, and the ,,new” matrix¬ 
valued potential + C 5 QQ. The corresponding form J^{dfi{x)u,u) + 

C5 Jj^((5o(x)u, u) dx satisfies Condition 11.31 with cq = 0 in place of cq, the 
constant C3 = C3 + csIIQqIIloo ™ place of C3, and the initial c and C2. 

Let us fix Ao as follows: 

Ao = 2||go'lUcoC4, (1.39) 

cf. |Su2l (5.27)]. The operator Be + AoQo positive definite, whence the 
generalized resolvent {Be + AoQo)”^ ^ bounded operator in L 2 {M.‘^; C”). 

Remark 1.8. In |Su2] . the generalized resolvent {Be + AQg) ^ was studied 
for A ^ Ao, while in [Su6| it was studied under the weaker assumption that 
A > 0. For our goals, it suffiees to formulate the results for A fixed] for 
convenience of referring to |Sn2j . we use condition (11.391] . 

For convenience of further references, the set of parameters 

d, m, Ti, p, cxq , 0:4, II^'IIaoo’ Wd IIeoo 5 IIIILp(D)5 7 1,...,d, 

C, Co, C2, C3 from Condition [OJ IIQoIIloc) IIQo^IIloo; 
the parameters of the lattice F 


(1.40) 
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is called the ,,initial data”. Note that the constants ci, C'(l), a, C 2, and C4 
are determined by the initial data. 

The effective operator for the operator (jl.38|l is given by 

B° = e° + C5^. (1.41) 

Relation (jl.35p implies the lower estimate for the quadratic form ifi of the 

operator B^\ 

6°[u,u] ^c*||Du||2^(^,), (1.42) 

This is equivalent to the following estimate for the symbol To(^) of the 
operator B^\ 

Lo{i) ^ (1.43) 

The operator B^ + AqQo is the second order DO with constant coefficients 
with the symbol 

= -^o(^) + AoQo 

d 

= b{irg%{i) - H^yv - V*b{^) + ^(^7+^)^,. + Q-W + {c5 + XoWo- 

1=1 

From (jl.43p and (|1.39p it follows that 

^(^) ^ c*(|^P + 1)1„, ^ G c* = min{c*; 2 c 4}. (1-44) 

1.11. Approximation of the operator {B^ + AoQo)”^* i^PPlying Theo¬ 
rem 9.2 from |Su2j to the operator (|1.38p . we obtain the following result. 

Theorem 1.9 ( |Su2] l. Suppose that the assumptions of Subsections [T^1.10\ 
are satisfied. Let Aq he given by (11.391) . Then for 0 < e ^ 1 we have 

IK-Se + AoQo) ^ “ (41° + AoQo) ^IIl 2 (R‘*)^-A 2 (R‘*) ^ ^1^' 

The constant Ci is controlled in terms of the initial data ()1.40p . 

In order to approximate the operator {B^ + AoQg)”^ in (-^2 4/^)- 

operator norm, we introduce a corrector 

K{e) = ([A^]6(D) + [A^]) UfiB^ + Xo^)-\ (1.45) 

Here H^ is given by (jl.lh . The corrector (ll.45h is a continuous mapping 
of L2(K'^;C”) to C"'). This can be easily checked by using Proposi- 

tion 11.21 and the relations A, A G Herewith, ||e4F(e)||2,2^._H'i = 0(1). 

The following result was obtained in [Su2[ Theorem 9.7]. 

Theorem 1.10 ( |Su2| b Suppose that the assumptions of Theorem 11.91 are 
satisfied. Let K{e) be the operator given by (|1.45p . Then for Q < e ^ 1 we 
have 

IKHe -I-AoQo) ^ — (41° + AoQo) ^ ^ C 2 e. 


The constant C 2 is controlled in terms of the initial data ()1.40p . 
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Remark 1.11. Below in Sections [5] and [ 6 ] we will apply Theorems 11.91 
and 11.101 {precisely, instead of Theorem 11.101 we will use its analog, Theo- 
rem 13.311 in order to approximate the generalized resolvent {B^{'d) + AoQq)”^ 
of the operator family B^{'d) depending on the auxiliary parameter i? € ( 0 , 1 ]. 
The operator B^{'d) has the same principal part as B^ and the lower order 
eoefficients da^ and {see Suhsection \f).2\i . Note that, for all i? € (0,1], 

the form {P u) + C 5 J^((5o(x)u, u) dx) satisfies Condition 11.31 

with the same constants: cq = 0 in the role of cq, C 3 = C 3 + c^WQoWiaa the 
role of C 3 , and the previous c and C 2 - Next, the constant uq = a^(16c^)“^ 
does not depend on id. Multiplying with v = vq by , we see that the 
inequality of the form (II3I) ( in the case of the coefficients daj) is valid with 
the constant C'(uo) for all id € (0,1]. Hence, the constant C 4 {see (jl.lOp ). and 
then also Aq {see (ll.39p ) can he taken independently of id. Note also that the 
norms of the coefficients daj in Lp{Tl) are majorated by the norms ||aj||Lp(Q) 
for all id G (0,1]. In |Su2] . the dependence of the constants Ci and C 2 on 
the initial data was searched out {in particular, these constants increase, as 
the norms ||aj||Lp(D) increase). What was said allows us to choose the con¬ 
stants Cl and C 2 in approximations for the operator {B^{'d) + AoQq)”^ 
be independent of the parameter id. 

2. Auxiliary statements 

2.1. Properties of the matrix-valued function A. We need the follow¬ 
ing result proved in [PSul Lemma 2.3]: 

Lemma 2.1. Suppose that A is the T-periodic solution of problem (|1.23p . 
Then for any u G and e > 0 we have 

[ l(DA)^(x)|2|u(x)|2(ix ^/3 i||u||2 +/32 e^ / |A^(x)p|Du(x)|2 dx. 

jRd, '' > Jffid 

The constants fdi and P 2 depend only on m, d, uq, ai, HdjlL^, and ||5~^||loo- 

From Lemma flA\ and the density of in H^{W^) we deduce the 

following statement. 

Corollary 2.2. Suppose that A is the T-periodic solution of problem (jl.23p . 
Assume also that A G Loo- Then for any u G H^{W^) and £> 0 we have 

[ l(DA)^(x)|2|u(x)|2dx ^/3i||u||^ (Rrf)+/32 e^||A||i^ / |Dn(x)pdx. 

jRd ' J^d 

2.2. Properties of the matrix-valued function A. The proof of the 
following statement is similar to the proof of Lemma 2.1 from |PSu] . 

Lemma 2.3. Suppose that A is the T-periodic solution of problem (ll.3ip . 
Then for any u G we have 
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The constants /3i and ^2 are given below in (12.1211 and depend only on n, 
d, ao, ai, p, II^IIloo^ \\9 ~^\\l^> the norms ||aj||i^(n), j = l,...,d, and the 
parameters of the lattice F. 

Proof. Let Wfc(x), k = be the columns of the matrix A(x). By 

(ll.3ip . for any function ij € such that t/(x) = 0 for |x| > R 

(with some i? > 0) we have 


(5r(x)6(D)wfc(x), 6(D)77 (x)) + ^(aj(x)*efc, Djri{x)) j dx = 0. (2.2) 

i=i ^ 

Here e^, A: = 1,..., n, is the standard orthonormal basis in C”. 

Let u G C'“(M'^). We put r]{x.) := Wfc(x)|tt(x)p. Then, by ()1.3p . 


6(D)77(x) = (6(D)wfc(x)) |r(x)| 2 + ^ 6iWfc(x)A|R(x)|^ 


DjVi^) = (A>jWfc(x)) |u(x)|^ + Wfc(x)Dj|R(x)|^. 


1=1 

|2 


Substituting (j2.3p and (j2.4p in (12.211 . we obtain 


(2.3) 

(2.4) 


J : = 


[ (5'(x)6(D)wfc(x),6(D)wfc(x))|n(x)p dx 

jRd 

d „ 

= -V / (oj(x)*efc,i:»jWfc(x))|u(x)p dx 

,=i 

d n 

+ ^ / (fl'(x)6(D)wfc(x),5zWfc(x))(tt*Att + uA^*) hx 


(2.5) 


1=1 

d 


+ / (oj(x)*efc, Wfc(x))(rt*Zljtt + rtdljrt*) dx. 

,=i 

Denote the consecutive summands in the right-hand side of ()2.5p by Ji, J2, 
and J3. We have 


d « 

|Ji| ^ 4ao^||5-"^||L^ ^ / |aj(x)*efc|2|u(x)pdx 

|Dwfc(x)p|R(x)p dx. 
Using condition (jl.SD on the coefficients aj, we see that 

f |aj(x)*efcp|tt(x)p dx ^ f |aj(x)|^|R(x)|^ dx 

jRd. d]Rd 


i=i' 


< lln 11^ 


( 2 . 6 ) 
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where is the norm of the embedding C L 2 p/(p- 2 ){^)- Hence, 

d 

|Ji| ^ ^oio^\\g~^\\L^Clp Ell ®illip(D)ll^llH-l(Rd) 

^ dx. 


i=i 


(2.7) 


+ 7(4ao^lb ^IIloo) ^ [ |Dwfc(x)|2|u(x)| 

4 jRd 

Next, by (|1.5p and (12.51) . we obtain 

IJ 2 I ^ 2^^ |c?(x)1/2 5(j3).^^(x)||u(x)| |5r(x)^/25^.^,^^(x)||Aw(x)| 

^ ]-J + 2dai\\g\\L^ [ |wfc(x)|2|Du(x)|2 dx. 

^ .md 


dx 


( 2 . 8 ) 


Finally, we estimate J 3 : 

d n 

IJ3K2V / 




aj(x)||wfc(x)||M(x)||F)ju(x)| dx 




V [ |aj(x)p|u(x)pdx+ [ |wfc(x)p|Dr 6 (x)pdx. 
^ dR'' dRd 

Taking (12.611 into account, we obtain 

d ^ 

|2 


ksl ^ l|ailli^(o)||n||^i(Rd) + [ |wfc(x)| 2 |Dix(x)p 

j=i 

Combining (|2.5p and (|2.7l) - (|2.9p , we arrive at 

d 

J ^2 (4ag + 1 ) Cqp ^ ll®illip(n)ll'“llHi(R'i) 

i=i 

+ K (4aoid"^l|Loo)^^ [ |Dwfc(x)| 2 |M(x)| 2 dx 
+ 2 ( 2 dQ!i|| 5 ||L^ + 1) [ |wfc(x)p|D'u(x)pdx. 

jRd 

Now we deduce the required estimate from (I2.10p . By (II.4p . 

[ |D(wfctt)(x)p dx ^ a“^ / | 6 (D)(wfcu)(x)p dx. 
JR'' JR'' 

According to (|1.3I) . 6 (D) = X)f=i h^i, whence 

d 

6 (D)(wfcu) = ( 6 (D)wfc)u + y~] biWkPiu. 


dx. (2.9) 


( 2 . 10 ) 


i=i 
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Using (jl.5|) and the expression for J (see (12.5p ). we have 

[ |D(wfctt)(x)p(ix ^ / |6(D)wfc(x)p|rt(x)p dx 

jRd JRd 

+ 2aQ / |wfc(x)|^|DR(x)|^ dx 

jRd 


( 2 . 11 ) 


^2aQ^||5 ^||z,^J + 2 ao^ai(i / |wfc(x)|^|Dn(x)|^ dx. 


-1 


Obviously, 


|Dwi.(x)P|u(x)P dx ^ 2 


+ 2 


|D(wfcR)(x)p dx 

jRd- 

[ |wfc(x)p|D'u(x)pdx. 


Combining this with (I2.10p and ()2.11l) . we obtain 

f |Dwfc(x)|^|u(x)pdx 
jRd- 

d 

^ 16aoi5“^l|Loo (4aoi5“^l|Loo + l) <^o,p ll«i llip(o) ll^llHi(Rd) 

i=i 

+ (l6ao ^ 115“^ IIl,^ (2dai \\g\\L^ + 1) + Sa^^aid + 4) 

X f |wfc(x)p|Dtt(x)|^ dx. 

jR'i 

Summing up over k, we arrive at (12.11) with 


/3i = l6naQ^\\g ^\\l^ {4:af^^\\g ^\\l^ + l) C^,p'^\\aj\\l^(^^), 

i=i 

^2 = 16ao ^ \\ 9 ~^ lUoo lldllioo + 1) + Sag ^aid + 4. 


( 2 . 12 ) 


□ 


By the scaling transformation, Lemma 12.31 implies the following result. 
Lemma 2.4. Under the assumptions of Lemma 12.31 for 0 < e ^ 1 we have 
[ l(DA)^(x)p|u(x)pdx ^ +^2^^ / |A^(x)p|Du(x)pdx. 

JR'i JRd- 

Below in Section 7, we will need the following simple statement. 

Lemma 2.5. Let /(x) be a F-periodic function in such that 
f G Lp{Fl), p = 2 for d = 1, p > 2 for d = 2, p = d for d ^ 3. (2.13) 

Then for 0 < e ^ 1 the operator [f^] is a continuous mapping of to 

L2(M'^), and 

ll[/^]llR'i(R‘*)^-f'2(K'^) ^ ll/llLp(n)C'^\ 
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where is the norm of the embedding L 2 (p/ 2 y{^)- Here 

{p/2)' = oo for d = l, and {p/2)' = p{p — 2)“^ for d^ 2. 

Proof. Let d ^ 2, and let u € Substituting x = ey, u(x) = v{y), 

and using the Holder inequality and the Sobolev embedding theorem, for 
0 < e ^ 1 we obtain 

[ |r(x)|2|u(x)|2dx = e'=' / |/(y)P|n(y)|2dy 
jR<i jRd- 

= ^‘‘T,f \f(y)\My)?dy 

aer 

/ r \l/(p/2)' 

a^r 

Here {p/2)~^ + {{p/2)')~^ = 1. For the case where d = 1 the proof is similar 
(the necessary changes are obvious). □ 

Lemma El and Lemma 12.51 directly imply the following corollary. 

Corollary 2.6. Suppose that A is the T -periodic solution of problem (|1.3ip . 
Suppose also that A satisfies condition of the form (|2.13l) . Then for any 
u G H'^{M^) and 0 < e ^ 1 we have 

|(DA)^(x)|2|n(x)pdx ^ ^i||u||^i(Kd) + ^2£^l|A||i^(n)(cJf^)^||Du||^i(Kd). 

2.3. Lemma about Qq — Qq. The following lemma will be needed for the 
proof of the main results. 

Lemma 2.7. Suppose thatQo{'x) is aV-periodic {nxn)-matrix-valuedfunc¬ 
tion such that Qo G L^o ■ Then for e > 0 the operator [Qq — Qq] of multipli¬ 
cation by the function Qq — Qq is a continuous mapping to 

and 

l|[Qo “ ^ £>0. (2-14) 

The constant Cqq is controlled in terms of d, HQoIIloo? parameters 

of the lattice F. 

Proof. Since Qo ~ Qo € Too and 

/'(Qo(x) - Qo)dx = 0, (2.15) 

■JO. 

we have the following representation 

d 

Qo(x) - Qo = -£'^Djh‘/{x), 

1=1 


( 2 . 16 ) 
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where hj, j = 1,... ,d, are F-periodic (n x n)-matrix-valued functions such 
that hj G Loo- 

Indeed, let d*(x) be the F-periodic solution of the problem 

A$(x) = Qo(x) - Qo, [ ^(x) dx = 0. 

Jn 

By (I2.15p . the solvability condition is satisfied. Since Qo — Qo ^ Loo, then 
G Wp{i}) for any 1 ^ p < oo, and 

Il‘^’llw2(n) ^ ci(p)IIQo - QoIIlp(o) ^ ^i(p)II<3o1Iloo- (2-17) 

The constants Ci(p) and Ci(p) depend only on p and the parameters of the 
lattice F. This follows from the Marcinkiewicz theorem about the Fourier 
multipliers |Maj . We put /ij(x) = Dj^{x.). Then 


d 

Qo(x) -Qo = - 

i=i 


and hj G Wp{Ll) for any 1 ^ p < oo. Let p = d+1. Then, by the embedding 
theorem, hj G Loo- Combining this with (|2.17p . we obtain 

ll^ilUoo ^ ^2\\hj\\w^{Q.) ^ C2||^||wp2(r2) ^ C2Ci(d+1 )||Qo||loo- 


(Here C2 is the norm of the corresponding embedding.) 
Let F G By ([HI]), 


IKQo “ Qo)F||//-i(Rd) — 


sup 


((Qo Qo)F, 


|v||hi 


^ e sup 

07^veR'i(R‘';C") 


d 

E 

i=i 


Z),M)F,v) 


7l2(R‘*) 


(2.18) 


Using the identity (H^/ipF = Zlp/i^F) — h’^-DjY and integrating by parts, 
we obtain 


((L>jhpF, (hjF, (h^ZljF, , j l,...,d. 

Together with ()2.18p this yields 


IKQo - Qo)F||jy-i(Rd) ^ e sup 



+ e sup 



V||/Il(Rd) 


(2.19) 























22 


YU. M. MESHKOVA AND T. A. SUSLINA 


Obviously, 


d 

^ I Dj'v) 
i=i 

d 


^ I L2{R‘^) 

i=i 


^ C'/i||F||^2(Krf)l|Dv||2,2(R‘^)) 
< C'fe||DF||^2(K'i)l|v||L2(IR‘^)> 


( 2 . 20 ) 

( 2 . 21 ) 


where := ess sup Y1 Note that Ch ^ CsIIQoIIloo) where the 

xeR*^ i=i 

constant C3 depends only on d and the parameters of the lattice F. 

Relations (j2.19j) - (l2.21j) imply (I2.14h with the constant Cqq = 2Ch- □ 


3. The Steklov smoothing. Another approximation 
OF the generalized resolvent (Re + AoQq)”^ 

(k) 

3.1. The Steklov smoothing operator. The operator Se , e > 0, acting 
in L2(M'^;C^) (where k gN) and defined by 

(5^^^u)(x) = |Q|“^ f u(x —ez)dz, u € ^2(1^'^; C*'), (3-1) 

Jn 

is called the Steklov smoothing operator. We will omit the index k in the no¬ 
tation and write simply Se- Obviously, iSeD^u = D“5£U for u € C^) 

and any multiindex a such that |a| ^ s. 

We need the following properties of the operator Se (see [ZhPasl Lemmas 
1.1 and 1.2] or [PSul Propositions 3.1 and 3.2]). 

Proposition 3.1. For any u E iL^(M‘^;C^) and e > 0 we have 

115'eu - u|li2(Rd) ^ erillDu]li2(iRd), 

where 2ri = diamfl. 

Proposition 3.2. Let f be a T-periodic function in such that f E ^2(0). 

Then the operator [f^]Se is continuous in ^2(1^'^), and 

II[/'^]‘S'£||l 2(R‘*)->L2(®‘*) ^ 1^1 ^'^^ll/llL2(f^); e > 0. 

3.2. Another approximation of the operator {Be + XoQo)~^' We put 

Kie) = ([A^]6(D) + [W]) SeiB^ + Ao^)"'. (3.2) 

The operator K{e) is a continuous mapping of L2(1K'^;C”) to H^{W^;C"'). 
This follows from Proposition 13.21 and the relations A, A E H^{Ll). 

Along with Theorem 11.101 the following result is true. 

Theorem 3.3. Suppose that the assumptions of Theorem 11.91 are satisfied. 
Let K{e) he defined by (|3.2p . Then for 0 < e ^ 1 we have 

||(Re + AoQo) ^ — (-S'^ + AoQo) ^ — eAr(e)jj2,2(R‘*)-)-Hi(K‘^) ^ 

The constant C 3 depends only on the initial data (ll.40h . 
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Remark 3.4. Theorems 11.101 and 13.31 show that for homogenization problem 
in different smoothing operators can be involved in the corrector {both He 
and Sc are suitable). However, for homogenization problems in a bounded 
domain (see, e. g., [ZhP as l.EH [Su3tlSu4tlSu7j ). it is more convenient to 
use the Steklov smoothing. Since we are aimed on application of the results 
of the present paper to study homogenization problems in a bounded domain 
|MSu3] . we have turned to the Steklov smoothing. 

Remark 3.5. Under the assumptions of Remark \l.lll the constant C 3 can 
be taken independent of the parameter d € (0,1]. 

3.3. Proof of Theorem 13.31 We deduce Theorem 13.31 from Theorem II. 101 


Lemma 3.6. For any u G and 0 < e ^ 1 we have 

[ |(DAr(x)|2|(nE - 5 e)rP dx ^ Ame - 

jRd ' ’ 

+ Ae^ f |A"(x)|2|(nE-5E)DR|2dx. 

jRd 


(3.3) 


Proof. By Propositions 11.2113.21 and the relation A G H^{W^), all the terms 
in ()3.3p are continuous functionals of u in the R^(R‘^)-norm. Therefore, it 
suffices to check (13.3p for u G 

We hx a function F G C°°(M+) such that 0 ^ F{t) ^ 1, F{t) = 1 for 
0 ^ ^ 1, and F{t) = 0 for t ^ 2. Next, dehne the function Fr(x) := 

F(|x|/i?) in depending on the parameter R > 0. If M G then 

FR(nE — Ss)u G Hence, by Lemma 

[ \{BA)^AFr{Uc - Se)u\‘^ dx ^ A\\Fr{Uc - Sc)u\\l.^,. 
jRd- 


d „ 

+ - Se)u + Fjj(nE 


Se)dju\‘^ dx 



mAd,FR){Uc 


Se)u + LR(nE 


Si;)dju\‘^ dx. 


Using the estimate max\djFR\ ^ c/R and passing to the limit as i? —>■ 00 , 
we deduce (13.3p with the help of the Lebesgue theorem. □ 


Now we are ready to prove Theorem 13.31 Obviously, 
e\\K{s) - K{s)\\l^^hi ^ £||[A"](n. - 5 e)6(D)(R° + XoWo)-^\\l,^h^ 

+ e||[A^](nE - Sc){B^ + 

(3.4) 

For the hrst term in the right-hand side of (|3.4I1 . we have: 
e||[A^](nE - Se)b{U){B^ + XoWo)-^\\l,^h^ 

^ e||[A-](nE - Sc)b{U)\\m^m ll(i?° + XoQ~o)-^\\L,^m- 


(3.5) 
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By 

+ AoQo) ^llL2(R‘')^H2(IRrf) = sup + 1 )|L(^) 


(3.6) 


According to |PSu[ Lemma 3.5], 

6||[A^](n,-5,)6(D)|| _H-2(Rd)-).//l(Kd) ^ CaS, (3.7) 

where the constant Ca depends only on m, d, H^Hloo) II5~^IIdoo) chQ) « 1 ) and 
the parameters of the lattice F. Combining (|3.5|) - (|3.7I) . we arrive at 

e||[A^](ne — S'£)6(D)(i?‘^ + AoQo) ^IIl2(R'^)^hi(R'^) ^ (^•^) 

Now we estimate the second term in the right-hand side of (|3.4p . By 

HMD, 

e||[A'^](n,-S,)(i?o + Ao^)-'||L,^Hi ^ec;i||[A"](n.-5,)||^,2^^,i. (3.9) 
Let ^ Then 

||e[A^](n, - 5 ,)$||^i(r.) < e||[A^](n, - s^mL^m ^ 

+ ||[(DA)-](n, - s,)nL,m + e||[A"](n. - 5 ,)d$|| L2(R‘*)- 
Using Propositions 11.2113.21 and taking (11.361) into account, we obtain 
||[A^]n,||i,^i, ^ |0|-V2(2ro)-iC,nV2a-i||5-i||^^ =: £ > 0, (3.11) 

^Mi, e>0. (3.12) 


By (lOTIl and (ItT^ . 

||[A-](n, - ^ 2 Mi||$||i 3 („.), (3-13) 

||[A-](n, - ^ 2 Mi||D$||^^(k.). (3.14) 

For 0 < e ^ 1, the second term in the right-hand side of (|3.10p is estimated 
with the help of Lemma 13.61 

||(DA)^(n, - ^ ^i||(n, - 

r ~ (3.15) 

+ P2e^ |A^|2|(ne-S’,)D$|2dx. 

jRrf 

Using Propositions 11.11 and 13.11 we obtain 

IKBe — 5'e)$||jyi(]gd) ^ e(rQ ^ -|- ri)||$||j^2(Rd). 

Together with (|3.14p and (|3.15p this implies 

1 /2 

||(DA)^(n£ — 5'£)$||^2(R‘^) ^ ^ + 4/32A7f^ II^IIh2(r4)- 

(3.16) 

Combining (|3.10l) . (|3.13l) . (|3.14l) . and (|3.16l) . we conclude that 

||e[A^](n£ - 5'£)||j:^2(]Rd)^j^i(Rd) ^ 


(3.17) 
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/ \ 1 /2 

where = 4Mi + + ri)^ + 4/^2. Relations (13.9p and (13.1711 

yield 

e||[A^](n£ — S£){B^ + AoQo) ^ (3.18) 

Finally, applying Theorem ll.lOl and estimates (13.41) . (|3.8I1 . (|3.18l) . we com¬ 
plete the proof. 

□ 


4. Main results 


4.1. Formulation of the results. In the present subsection, we formulate 
the main results of the paper. 


Theorem 4.1. Suppose that the assumptions of Subsections II.3111.101 are 
satisfied. Let ^ € C \ M+, C = IC|e*'^> ^ £ (0, 27r), and let |C| ^ 1- IFe put 

J|sin())|-i, ()) G (0,71/2) U (37r/2,27r), 

= 1 1 A ^ r /o Q /oi 

[1, G [7r/2,37r/2]. 

Then for 0 < e ^ 1 we have 

II(-®£“CQo) ^ ~ ~ CQo) ^IIl2(R‘*)^L2(R‘*) ^ ^4ec(0)^|C| (4.2) 

The constant depends only on the initial data ()1.40p . 

To formulate the result about approximation of the operator (Rg —(/Qg)“^ 
in the (L 2 i7^)-operator norm, we introduce a corrector 

Kie;0 = ([A-]6(D) + [A-])S'g(R° - (4.3) 

Here S^ is the Steklov smoothing operator given by m- The operator 
(14.3p is a continuous mapping of L 2 ( 1 ^'^;C"') to C”). This follows 

from Proposition 13.21 and the relations A, A G 

Theorem 4.2. Suppose that the assumptions of Theorem 14.11 are satis¬ 
fied. Let K{e\Q he the operator given by (14.3p . Then for 0 < e ^ 1 and 
C G C \ R+, Id ^ 1, we have 

II(-®£“CQo) ^ “ (-S° “ CQo) ^ 

^ C5c((/>)2e|C^^/^ 

||D ((Rg - CgS)"' - - C^)-' - ^Kie; ()) |L2(r<^)^L2(R'^) 

^ Cec{4>)‘^e. 

The constants C 5 and Cq are controlled in terms of the problem data (I1.40F 
Theorem 14.21 directly implies the following corollary. 


(4.4) 

(4.5) 


Corollary 4.3. Under the assumptions of Theorem 14.21 we have 
{{{Be — CQq) ^ — (R° — CQo) ^ — ^K{e-,()\\L2{Rfi^H^{Rfi 

^ (C5 Ce)c{(j))‘^£, 0 < e ^ 1. 
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Using Theorem 14.21 we obtain the result about approximation of the 
operator g‘^b{'D){Bs — CQo)~^ (corresponding to the ,,flux”). 

Theorem 4.4. Suppose that the assumptions of Theorem 14.11 are satisfied. 
Let ^(x) be the matrix-valued function defined by (jl.25p . Denote 

G(e;C) :=r5.6(D)(i?0-C^)-i+/(6(D)A)"5,(i?°-C^)-^ (4.6) 

Then for 0 < e ^ 1 and C € C \ M+, |C| ^ 1, we have 

\\g'^h{iy)[Bs — C,Qq) ^ — G(e;C)||L2(Rd)_^x,2(Rd) ^ C'7c(0)^e. (4.7) 

The constant Cj depends only on the initial data (|1.40p . 

4.2. Discussion. Homogenization of the resolvent of the operator Ae in 
dependence of the spectral parameter was studied in |Su7j . The two- 
parametric error estimates that we obtain fTheorems 14.11 [4?^ and l4.4p have 
the same behavior as the estimates from [Su7l Theorems 2.2, 2.4, and 2.6]. 

However, there is a difference between our results and the results of |Su7| . 
Approximations of the resolvent {Ae — with error estimates of the 

form (14.2|] , (j4.4l] , (j4.5p , and (14.7|] were proved for any ^ G C \ 1R+. For the 
operator Be the situation is different; in Theorems 14.11 14.21 and 14.41 it is 
assumed in addition that |C| ^ 1- This restriction is related to the presence 
of the lower order terms in Be- Below in Section [8| we extend the domain of 
admissible values of C, but the order of estimates (with respect to C) will be 
less precise. 


5. Proof of Theorem 14.11 

5.1. The operator B{e;'d). The proof of Theorems 14.11 and 14.21 is based 
on application of Theorems 11.91 and 13.31 to the auxiliary family of operators 
depending on the additional parameter 0 < i? ^ 1. In Subsections IS.llfOl 
we introduce the necessary objects. 

Suppose that the assumptions of Subsections 11.3111.51 are satisfied. Let 
Qo be the matrix-valued function introduced in Subsection 11.101 and let 
C 5 = (co + C4)||Qo ^ 2 ( 1 ^'^; C '^)5 consider the quadratic form 

b{e; Td) [u, u] = o[u, u] 2??eRe (Tu, T 2 U)^.^(Rd) 

-h??^e^C5(Qou,u)7^2(iR‘^)> u G C**). ^ 

Here e > 0 and 0 < ^ 1. We assume that 0 <£■(?< 1. 

Note that, by (|1.15p and (15.11) . we have 6(e;'d)[u, u] = b(e'd)[u, u] -|- 
C5e^'!?^((5ou, u) 7,2 for any u G H^(M'^;C”). Combining this with (|1.17p . 
(|1.18l) and the formula for C5, we see that the form b{£-,d) is closed and 
nonnegative, and 

^ 6(e;i?)[u,u] ^ 

+ (C(l) + C 3 + C5||(5o||loo)^^I|u|Il2(iR‘^)’ u g 77^(]R'^;C""), 0 < e ^ 

(5.2) 
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By B{e;'d) we denote the selfadjoint operator in L 2 (M'^;C”) generated by 
this form. Formally, we have 




d 

= KD)*5(x)6(D) + 'de ^(aj(x)Dj + Djaj{x)*) 

i=i 

+ + t?^e^C5Qo(x). 


(5.3) 


5.2. The operator Bs{'&)- In L 2 (M'^;C”), we consider the quadratic form 

6 £(i?)[u, u] = ae[u, u] + 2i9Re (Tu, T 2 ,£u)i 2 (R‘') + '^‘^Qe[u, u] 

+ ^?^C5(Qgu,u)^2(jjd), u€ 

where 0 < i? ^ 1 and 0 < e ^ We have 

6s(i?)[u,u] =e-26(e;,?)[r,u,r,u], u eC"), (5.5) 

where Tg is the scaling transformation given by (I1.19p . Relations (15.211 and 
(j5.5ll imply that the form (15.411 is closed and nonnegative, and satisfies the 
estimates 

c*||Dul|^^(jgd) ^ 6£('i?)[u,u] ^ cgllull^i^jgd^, 
u E R'i(M‘^;C^), 

where cq = maxIC*; (17(1) + C 3 + csIIQoIIlooI- Let B^{i!}) be the selfadjoint 
operator in L 2 (K'^;C"') corresponding to the form ()5.5p . 

We will apply Theorem 11.91 to approximate the generalized resolvent 
(Re('!?) + AoQo)”^) where Aq is given by pi.39p (see Remark ll.lip . 


5.3. The operators B^{'&) and B^{e]'&). Obviously (see pi.2311 - ^1.25p . 
pi.3ip ~ (ll.34p . and (I1.41I1 1. the effective operator for i?e(i?) takes the form 

r0(^9) = ^0 + ^f-b(DyV - V*b(D) + '^{aj + a*)D^ 

V j=i ' 

+ i9"(Q + C5^-1F). 

According to (ll.42p . the quadratic form b^{'d) of the operator B^{i}) satisfies 

6°(i9)[u,u] ^ c*||Du||2^(jjd), ue (5.7) 

This is equivalent to the following estimate for the symbol Lo{^;-d) of the 
operator B^{'d): 

Hence, by (ll.39|l . the symbol 

m I?) = b{^rg%i^) - myv - w*bi^) 

d 

+ I? 'y 4“ C 5 Q 0 ) ~ i9^W + AqQo 

i=i 


(5.8) 
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of the operator + AqQo satisfies 

^ + 1)1„, ^ 0 < ^ 1, c* = min{c*; 2 c4}. (5.9) 


Note that 


= e-^T*B°{e-,^)Ts, 


where B^{e;'d) is the selfadjoint operator in L 2 (M‘^;C”) given by 

B°(e; if)=A^ + ed (-b{B)*V - V*b{B) + 

V ,=i / 


(5.10) 


+ e"r(g-vb + csgo). 


5.4. The operators B^{'&) and B^{'d). We factorize the matrices Qo(x) 
and Qq as follows: 


Qo(x) = (/(x)* 


(5.11) 

/q^. Note that 



l/ol ^ II/IIl^ = IIQo'II l^ I/o''I 

< iir‘iii„ = iiQoiif!. 

(5.12) 


Let B^{'d) be the selfadjoint operator in L 2 (M'^;C”') generated by the qua¬ 
dratic form 

b£(i?)[u,u] := bei'&Wu, fu] (5.13) 

defined on the domain 

Dombei'd) = {u € L 2 (M^;C”) : fu € ■, C^)}. 

Here 0 < -d ^ 1 and 0 < e ^ Since the operator B^{'&) is nonnegative, 
the operator B^{'&) is also nonnegative. 

Let B^{'&) = /oil°('i?)/o. Note that 

(h,(t9 ) - CQ§)-' = r{BM - cir\n*, c e c \ r+, (5.i4 ) 

(i?0(i?) - C^)-^ =/o(H°(i?) - C/)-Vo, CeC\M+. (5.15) 


5.5. Proof of Theorem l4.ll Applying Theorem ll.Ol to the operator B^B)') 
and taking Bemark 11.111 into account, we obtain 

\\{Be{'&) + AoQo) ^ “ {B^{'&) + AoQo) ^ 

0<7?^1, 0<e^l. 

Now we carry this estimate over to all 0 < e ^ By (I5.14[l . 

||(-B£('(?) + AoQo) ^IIl2(R'^)^-.J-2(R'^) ^ \\f\\‘L^\\i^s{'&) + ^oI) ^||L2(Rd)^2.2(R‘^) 


(5.16) 




(5.17) 


Similarly, (j5.15p and (I5.12p imply that 

||(H°('d) + AoQo) ^IIl 2(R‘^)^A2(R'^) ^Ag^ll/lli^ 


(5.18) 
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From (I5.17|) and (j5.18jl it follows that the left-hand side of (I5.16|) does not 
W e for 1 < e ^ 1 ?“^. Together with (15.161) this implies 


exceed 2 Aq ^ 


||(.B£(i?) -I- AoQo) “ (-^ (^) + ^oQo) ^ 




-1 


with Cl = max{C'i;2Ao^||/|||^}. 

Now we obtain an analog of estimate (|5.19l) for — QQq)~^-, 

with (j) € (0, 27r). We rely on the identity 

= (S,(i?)-CQ8)-i(i?,(i?) + AoQ§) 

X ((5,(1?) + XoQl)-^ - (50(i?) + Ao^)-') 
x(50(i?) + Ao^)(50(i?)-^)-i 

+ (Ao + OiBe^ - CQg)-HQo - ^)(^°(^) - W"'- 

By (15.141) . we have 

II(-B£(i?) — CQo) ^(-^^(i?) + Ao(3o)IIl2(iR'®)^-T2(R'®) 

= iir(5,(i?) - cirHBem + ^oi){n-^\\L,m^L,m 
^ ll/l|Loollr'llTooll(5.(^?)-a)-'(5.(^?) + A0/)||L,(R.HL,(R.). 
Since 5,(i?) ^ 0, then 

||(5,(i?) - (I) ^(5,(i?) -I- Ao/)||i2(Rd)_^£,2(R‘^) ^ sup --^ 

ly^O lu — Cl 

^ sup ^ sup ^ i ^ 2(1 -h Ao)c(C)). 
u^O + J. i/^0 — Cl 

Here c{4>) is given by (14.IF Relations (|5.2ip and (15.221) imply that 

ll(B£(t?) — CQo) ^iBei'&) + AoQo)llL2(R'®)^i'2(R'®) 


^ 2(1 -I- Ao)1|/1|l„ 


(•-ii 


t(</>)- 


Similarly, 


(5.19) 


where 


(5.20) 


(5.21) 


(5.22) 


(5.23) 


(5.24) 


11 ( 50 ( 1 ?) + XoQo){B^{^) - CQo)-^\\L,m^L,m 

^ 2 (l-hAo)||/||L„,||/"^||L,,c(C>). 

Let us estimate the norm of the second term in the right-hand side 
of (ICTI) : 

IKC + Ao)(5,(i?) - CQS)“'(QS -^)(^°(^) - ^)-'IIl 2 (R‘®)^l 2 (R'®) 


^(l + Ao)||( 5 ,(i?)-CQ^)-i| 


H-i(Rrf)->L2(R‘*) 


^ ll[Qo “ Qo]||/Ii(Rd)->.//-i(Kd )||(5 (l?) — CQo) IIl2(R‘®)^>JI'TK'®)‘ 


(5.25) 
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By the duality argument, we have 

- CQo) “ C*Qo) ^llL2(R'^)^Hi(R'i)- 

(5.26) 


By dSUD, 




Next, the lower estimate ()5.6p . (|5.13p . and (|5.14p imply that 

||D(-B£(??) — CQo) ^llL2(R'^)->-i2(R'^) 


= c. 


- 1 / 2 , 

* I 

- 1 / 2 , 


^ c* ' — C*Qo) ^||l2(R'^)^-A2(R'^) 


1/2 


^ C* sup , ^ ^ c* ^'^^||/||LooC(<(')- 


u^O \v — 

Combining this with (j5.26p and (I5.27jl . we see that 

II(-^£(1?) — CQo) ^IIh'-i(R'^)^a2(R'^) ^ 


(5.27) 


(5.28) 


(5.29) 


where ;= ||/||i^ + c* ^'^^||/||l^. 

By analogy with ()5.27p and (I5.28jl . we estimate the (L 2 —> 77^)-norm of 
the operator {B^{'&) — CQo)~^, using (|5.7p . (I5.12p . and (j5.15p . This yields 


||(b0(i?) - CQo)-'||l2(r<^)^h1(R'1) ^ (5.30) 

Relations (j2.14p . ()5.25p . ()5.29p . and (I5.30p imply that 

||(C+Ao)(B£(i?)-CQ8)-'(QS-^)(^°W-^)"'IIl2(r<^HL2(m<^) ^^2ec(C.)2, 


where £2 = (1 + ^o)Cqq^i. Combining this with (|5.19p . (15.201) . (15.231) . and 
P5.24I) . we obtain 

||(B,(i?) - CQ^)-i - (b0(i?) - ^)-'||i2(R<^)^L2(R<^) ^ C-4ec(C-)^ 

^ (5.31) 

0 <i?^l, C = <P € ( 0 , 27 r), 


with C 4 = 4(1 + Ao)2||/||i^||/-i||i^Ci + e: 2 . 

By the scaling transformation, from ()5.3ip we deduce 

||(B(e;i?) - C^'Qo)"' - (S°(ci?) - Ce'Q^)"'llL2(«‘^)^L2(R^) ^ C^cicPfe-\ 

(5.32) 

In this estimate, we substitute e|Cl^^^ in place of e, assuming that 0 < e ^ 1, 
C = iCle®”^ G C \M+, 0 G (0,27r), |C| ^ 1, and put i? = |C|~^^^- Then the 
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conditions 0 < i? ^ 1 and 0 < ei? ^ 1 are satisfied. We have (see (15.,Sp and 

(ICTl) ) 

Therefore, (I5.,'f2h implies that 

||(i?(e; 1) — Ce^Qo) ^ 1) — Ce^Qo) ^llL2(R'^)->'i2(R'^) 

^C4c( 0)2T-1|C|-^/2^ 0<e^l, C = IC|e''^, ICI ^ 1, 0 < </)< 27r. 

Renaming £ := £ and applying the inverse scaling transformation, we arrive 
at (|4.2|) . This completes the proof of Theorem 14.11 

□ 


6. Proof of Theorems 14.21 and 14.41 

6.1. The operator /C(e;i?). As above, assume that 0 < i? ^ 1 and 
0 < e ^ 1 ?“^. Consider the generalized resolvent {B^^i}) + AqQo)”^- Taking 
into account the form of the problems for A and A (see (|1.23p and pi.3ip l. 
we see that the analog of the corrector p3.2p for the generalized resolvent 
{B^{i}) + AoQo)”^ takes the form 

/C(e; i9) = ([A^]5(D) + i?[A^]) 5e(R°(i?) + Ao^)-^ (6.1) 

The operator /C(e; i9) is a continuous mapping of L 2 (R'^; C"’) to C”). 

This follows from the next lemma. 

Lemma 6.1. Let /C(e; i?) be the operator given by (|6.1I1 . Then for 0 < i? ^ 1 
and e > 0 the operator /C(e;i?) is a continuous mapping of L 2 (R^]€T) to 
i/i(M'^;C^), and 

'f^)llL2(R‘')^L2(R‘') ^ ^ (®-^) 

||eD/C(e;-d)||j;^2(R‘*)^>L2(R‘*) ^ (6.3) 

The constants and depend only on the initial data (|1.4Up . 

Proof. First, we estimate the {L 2 —)• L 2 )-Rorm of the corrector: 

II II L 2 (R‘')-)-l2(R‘') 

^ II[^^]'S'£|Il 2(R‘^)-:>L2(R‘^)II^(^)(-®°('^) +-^oQo) ^IIl2(R‘^)-)-L2(R‘*) (6-4) 

+ II[^'^]'S'£||l 2(R‘^)->-L2(R‘^)II('®°(^) + -^oQo) ^IIl2(R‘^)->-L2(R‘*)' 

Proposition 13.21 and (jl.26p imply that 


(6.5) 
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According to (11.41) . 

||6(D)(i?°('i?) + AoQo) ^IIl 2(R'^)^A2(K'^) g, 

^ + AoQo) ^llL2(R‘*)->-i2(R‘*)- 

Since the symbol of the operator + AqQo satisfies (|5.9I) . we have 

l|D(fi°(i?) + Ao(3o)”iL2(Kd)^L2(Kd) ^ snp ^ (2c*)“^ (6.7) 

141 + -*- 

Relations (I3.12p . (|5.18l) . and (|6.4p - (|6.7p imply (16.21) with the constant = 

ai/'(2c,)-iMi + Ao-'Mi||/||i^. 

Now we check (B- Obviously, 

eD,IC(e;^) = [(Z1,A)"]S,6(D)(RO(i?) + Aq^)"^ 

+ e[A"]5,6(D)D,(R0(i9) + Aq^)’^ 

+ ^[{DjAY]Se{B^{^) + \oWor^ 

+ e^mS,DYB^{^) + \oWor"- 

Hence, 

||eD/C(e; (Rd)^.L2(R'^) 

^ 4||[(DA)^]5,6(D)(R0(r9) + Ao^)-ii^(K.)^z. 2 (RO 

+ 4||e[A^]5,6(D)D(RO(^?) + Ao^)-ii^(R.)^^^(R.) (6.8) 

+ 4|| [(DA)-]5,(r 0(^) + Ao^)-' lli2(R0^i2(R0 
+ 4||e[A-]5,D(R0(^?) + 

Applying Proposition 13.21 and (11.271) , (11.371) , we obtain 

l|[(DA)^]5e||2,2(Kd)^L2(R'^) ^^2, (6.9) 

||[(DA)-]5,||^,(Kd)^i2(R0 ^ \^\~"^"Can^^W\\9-^\\L^ =: ^ 2 . (6.10) 

By (|1.4D and (jS.Sp . 

||6(D)D(r 0(^) + Ao^)-iz.2(RO-i2(RO ^ (^-H) 

Combining (|3.12l) . (|5.18l) . and (I6.5l) ^ (|6.1ip . we arrive at (|6.3I) with 
eg) = {AaiM^c:^ + 

cP = (aiM|c,-2 + 4Ao-2||/||i^M|)V2. 

□ 
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6.2. Proof of Theorem 14.2L Applying Theorem 13.31 to and taking 

Remark 13.51 into account, we obtain 

II(-B£('i 9) + AoQo) ^ +-^oQo) ^ ^ C^se, 

( 6 . 12 ) 


Now we carry this estimate over to all 0 < e ^ t? For 1 < e ^ ^ we use 

rather rough estimates. By analogy with (I5.27p and (I5.28|i . we see that 

||(Be(i?) + AoQo) ^'^3’ (6.13) 

where Cs = Ag ^||/|||^ + ^A,(^^7 ^^^||/||l^- 
Similarly, from (j5.7p and (|5.12p it follows that 

||(B°(i?) + AoQo) ^IIl2(R‘*)^-h 1(R‘*) ^'^s- (6-14) 

For 1 < e ^ 19“^ we use Lemma lUTTl and (|6.13l) . (|6.14l) . while for 0 < e ^ 1 
we apply (16.1211 . Then 

||(B£('!9) + AoQo) ^ “ (-S°(''^) +-^oQo) ^ “ £^(^; ^^)IIl2(R'^)^-hi(R‘*) ^ else, 

0<'(9^1, 0<e^'(9"S 

(6.15) 


where C 3 = maxICs; 2(^3 + + 0 ^}. 

We put 

iL(e;i9;C) := ([A16(D) + i9[A^])s',(BO(i9)-C^)-\ CgC\]R+. (6.16) 


Note that K{s] i9; —Aq) = JC{s; t?). 

We prove an analog of estimate p6.15p for the operator (^^('d) — CQo )~^5 
where C, = with (j) € (0, 27r), with the help of the identity 

{BM - CgS)-' - W - W"' - ^K{e-, i9; C) 

= (B,(i9)-CQS)"H5.W + AoQS) 

X ((B,(i9) + AoQS)”' - + Ao^)"' - eK{e; i9; -Aq)) ^ 

X (i?0(i9) + Aog^)(BO(i9)-^)-i 

+ e(Ao + C){Beii}) - CQf^r^QlKie-, i 9 ; C) 

+ (Ao + OiBem - CQt>)-\Q^o - ^)(^° W - ^)-'- 


Denote the consecutive summands in the right-hand side by Ji{e]'d]C), 
I = 1,2,3. First, we estimate the {L 2 —>■ L 2 )-norm of each summand. By 
(imp . (lO) . and (I6T6P . 

||goA'(e; -d; C)||l 2(R‘^)^L2(®‘*) ^ ^llioo ^)II.J-2(®‘*)->i2(®‘*) 

X ||(b 0 (i 9 ) + AoQ^)(B°(i 9 ) - ^)-'||l,(m.)^l2 (®^)- 
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Together with (j5.24p and (j6.2p this yields 

\\Qf>K{e-^;C)\\L,m^L,m ^2(1 + (6.18) 

Relations (j5.27p and (j6.18p imply the following estimate for the operator 

||772(e;'!?;C)||L2(Rd)^.L2(R‘*) ^ 2e(Ao + l)^||/||i^||/ 

To estimate the {L 2 —>■ L 2 )-norm of the operator J7i(e; ■(?; C), we use (I5.23p . 
(j5.24p . and (I6.15[l : to estimate the term we apply (j2.14p . (I5.25p . 

P5.29p . and (I5.30p . Then we arrive at 

\\{B,X)-CQI)-^ - {B\d)-^o)-^-eK{eXX)\\L,m^L,m 


3-1 


( = 6*“^, 0<())<27r. 


(6.19) 


Ijf 


-1||3 ^(1) 


( 6 . 20 ) 


^ C^ecX) , 0<'i?^l, 

Here 

Cs = 4(1 + Ao)^||/||i^||/ ^111^^3 + 2(1 + Ao)^| 

+ (1 + Xo)CQ^(tl. 

Now, we apply the operator i?e(i?)^/^ to both sides of (I6.17p : 

[{BM - CQir^ - {B\^) - ^)-' - sKie; X O) 

= B,X)^/‘^Ji{e; X C) + B,X)^/^J2ie-, X 0 + X 0, 

and estimate the {L 2 —)■ L 2 )-norm of each term on the right. 

By (15.1311 ■ for any w € 77^(M'^;C"’) we have 

||R£(7?)^/V||2^(^d) = ?)£(i9)[w,w] 

= 6£(t?)[(/^)"V,(/^)-V] = 

Next, from (I5.14p it follows that 

irriBeX) + AoQS) = (BeX) + Ao/)(r)-'. 

Using (I5.14D . (I5.22D . (I6.2ip . and (|6.22l) . we obtain 

WB.Xy/^BM - CQf,)-\B,X) + AogS)llHi(R-^)^L.(M^) 

^ ll(-Be('d) — Cl) ^(-Be('l?) + Ao/)||i;,2(Rii)_j.L2(IR'^) 

^ ll-Be(l?)^^^(/^) ^||h1(R‘«)^L2(R‘*) 

^ 2(Ao + l)c(()))||He(?9)^/^||j^i(Rd)_5.£,2(Rd)- 

Combining the upper estimate (|5.6p . (I5.24D . (I6.15p . and (I6.23p . we deduce 
the following estimate for the first term in the right-hand side of (I6.20p : 

||i?e('(9)^/^Ji(e;??;C)||L2(R'^)-j-L2(R'^) ^ , 


( 6 . 21 ) 


( 6 . 22 ) 


(6.23) 


0<??^1, ( = 6*“^, 0<())<27r, 

where C 4 := + Xo)^cl^‘^d3\\f\\LX\f~^\\L^- 


(6.24) 
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Next, 

^ e(Ao + - CQI>)-^\\L,^LMK{e-,^-,C)\\L,^L,. 

By (lOill and (lOTD . 

= \\BM^/^{Bem - cirHfr\\L,iR<^)^L,(w‘^y 

Obviously, 

~ ~ 1/^/2 

\\B,{^)^/\B,{^) - a)-'llL 2 (R 0 ^i 2 (R 0 ^ sup--^ ^ c(0). 

u^O \u — Cl 

Relations (j6.26p and (j6.27p imply that 

From p6.18p . p6.25p . and ^6.2811 we deduce the following estimate 
second term in the right-hand side of (16.200 : 

C)llL2(R‘')-S-i2(R‘^) ^ '^5£c(C))^, 

0<i?^l, 0<e^ C = e*'^, 0 < < 27r, 

where C 5 := 2(1 + ||/||i^ . 

Now we proceed to the third term in the right-hand side of ^6.201) 
ously, 

11 Be 7 / 3 ( 6 ; -d; C)IIl 2 (R'^)^T 2 (R'^) 

< (Ao + i)\m^y/\B,ii:}) - (Qf^r^Wn- 

II [Qo “ Qo]||Hl(Rd)-i.H-l(Rrf)||(-B°('i?) - CQo) ^||l2(R‘*)^R'1(R‘«)- 

Using (15.141) . (I6.2ip . and the duality arguments, we have 

1(R‘*)-)-L2(R‘*) 

= ||B,(l?)V2(5,(^/) -C/)-Hr)1lH-i(R^)^L2(R0 

= \\f{BM - 

= \\fB,{^)^/\Be{^) - 

The lower estimate ^5.61) and (I5.13P imply that 

||D[r]R,(i9)V2(5,(^) - r/)-'llL2(R0-i2(R0 
^ c;'/2||r,(i?)V2/^b,(i?)V2(5,(^) - cir^\\L,m^L,m 
= c;'/'||R,(i?)(R,(i?) - r/)-'llL2(R0-i2(R0- 


(6.25) 

(6.26) 

(6.27) 

(6.28) 
for the 

(6.29) 

. Obvi- 

(6.30) 

(6.31) 

(6.32) 



























36 


YU. M. MESHKOVA AND T. A. SUSLINA 


Obviously, 

\\Be{^){Bsil^) - r^)"iL2(R0^i2(K0 ^ SUP' 


^ (6.33) 


|u — 

From (I6.27P at the point (* and (|6.31l) ~ (l6.33p it follows that 

\\Be{'&y^‘^{B£{'d) — CQq) ^||_H--i(Rd)^L2(R‘*) ^ (ll/ll-f-tx) + c* ^ )c{4>)- (6.34) 
Inequalities (12.1411 . (|5.3UI1 . (|6.3Up . and (|6.34l) imply that 

||.Be(t?)^/^773(-i?; e; C)||l2(R'^)-j.L 2(R'^) ^ '^6£c((())^, 


0<e^ C = e*'^, 0 < (/>< 27r, 


(6.35) 


where (te := (1 + Ao) (||/||l „ „ + ^' ^^)C*Q o<^i- _ 

Finally, relations (I6.20F (I6.24F (|6.29p . and (16.351) lead to the estimate 

||B,(r9) - (Q-)-i _ - ^)-i _ eK{e- C)) ||l2^L2 

^ Cq£c{(P)‘^, 0<??^1, 0<e^ 1?“^, C = 6*'^) 0 < 4> < 27r, 

(6.36) 

with Ce = CI 4 + Cs + Ce- By the lower estimate (|5.6I) . from (I6.36P it follows 
that 

||D((5,(r9) - CgS)-' - - eK{e; i?; 0) ||l2(r0^A2(R0 

^ Ceec{4>)‘^, 0<'i9<l, 0<e< ( = e*"^, 0 < (/> < 27r, 

(6.37) 

where Cq = c* 

Applying the scaling transformation, from (16.191) and (|6.37l) we deduce 

||(5(e;i?) - Ce'Qo)-' - (^^(e;^?) - Ce'^)”' - i^(£; C)I|l2^L2 

^ C5S~^c{(j))‘^, 

||D ((S(e; i?) - Cs^Qo)-^ - {B\e-- Ce'^)”' - K{e- 0) ||l2^L2 
^ C(sc{4>f, 

(6.39) 

where 

k{e-M) := ([A]6(D)+ei?[A])5i(iI°(e;i?)-Ce'^)-^ 

As in the proof of Theorem 14.11 in (16.381) and (|6.39p we substitute in 

place of e, assuming that 0 < e ^ 1, C = |C|e*'^! Id ^ 1, and put = |d 
Next, we rename £ =-. £ and apply the inverse scaling transformation, taking 
into account that 

£K{£- c) = e2r;iF(e|c|'/'; ICI”'/';0^,, c = IC|e'‘^. 


(6.38) 
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Here is given by (jl.l9j) . and the operator K{s; C) is given by (|4.3p . This 
leads to the required estimates (I4.4p , (I4.5p , and completes the proof of The¬ 
orem sa 

□ 


6.3. Proof of Theorem 14.41 We deduce the statement of Theorem 14.41 
from Theorem 14.21 From (14.5p and (II.4p it follows that 

- /6(D) (/ + e ([A^]6(D) + [W]) S,) (6.40) 


By mi, 

e/6(D) ([A-]6(D) + [W]) 5,(5° - CWo)-^ 

= /(6(D)A)^S,6(D)(hO - C^)-i + /(6 (D)A)-S,(h 0 - C^)-i 

d 

+ e^g% ([A^]5/(D)A + [A^J^^a) - C^)"'- 


Relations (II.4p . (jl.Sp . (13.121) . and (j6.5l) imply the following estimate for 
the third term in the right-hand side of (I6.4ip : 

d 


e^g%i ([A^]A6 (D)A + [A^J^^a) {B^ 


CQo)-' 


L2^L2 


d 

E ||6(D)A(B°-CQo)- 11^2— 
1=1 
d 

+ Y, IIA(B° - (Q-o)-^\\l2^L2 

1=1 


(6.42) 


< e\\g\\L^a,d^/^Mi\\U\B^ - CQo)-%2^L2 
+ ellnlUocai^||D( h 0 - C^)-i . 

From (I1.43P it follows that 

||d2(h0 - cm-^\\L2^L2 ^ c:^\\B\B^ - (6.43) 

Using (I5.12|) and the relation between the operators B^ = B^{1) and B^ = 
H0(1) (see Subsection Eap, we obtain 

\\B^{B^ - CWor^\\L2^L2 = \\fo"B^{B^ - CI)-^fo\\L2^L2 

< WfhJir^h^ sup ^ ^ II/IItocII/"^IItooC(</>). 

— Sl 


(6.44) 
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Together with (j6.43p this implies 

^c;i||/||i^||/-i||i^c(<^). (6.45) 

Similarly, using ()1.42p . we see that 

||D(bO - (O'or^WL.^L, ^ 

= c:^/^\\{By/\& - CI)-VoI|l,^l, (6.46) 

1/2 

< C*^‘^\\f\\L^ sup I -- ^ C~^'‘^\\f\\L^c{cf))\C\~^/‘^. 

i^SsO |u - Cl 


From (j6.42p . (j6.45p . (j6.46p . and the restriction |C| ^ 1 it follows that 

d 


eY,9% ([A"]5,6(D)A + [A^]5.a) {B^ 

1=1 


CQo)-' 


^ e:7ec(0), 

L 2 ^L 2 


(6.47) 


where 

<^7 = IbllLoc'^^'^^ll/llLoo (aiAfic“^||/"^||L^ + . 

By Proposition 13.11 and relations (11.41) , (16.451) , we have 

ll/6(D)(/ - s,)iB° - cWor^\\L,m^L,m 
^ ll5l|Loo£7’i||D6(D)(il° - CQo) ^llL2(®‘*)->'i2(R'^) (6.48) 

^eriaJ/^||5l|L^||D2(B°-C^)"^||L2(Md)^L2(K‘*) ^ ^8ec((/>), 

where Cg := nal^^||ff||LoeC7^ll/llLoo ll/"iDoo- 

Finally, relations (I1.25P (I6.40p . (|6.41l) . (I6.47p . and (|6.48p imply the re- 

quired estimate (I4.7p with C 7 = Hf/llLoo®!^ Cq + + dg- This completes 

the proof of Theorem 14.41 

□ 


7. Removal of the smoothing operator. 

Special cases 

7.1. Removal of in the corrector. It turns out that the smoothing 
operator in the corrector can be removed under some additional assump¬ 
tions on the matrix-valued functions A(x) and A(x). 

Condition 7.1. Suppose that the T-periodic solution A{x.) of problem (11.231) 
is bounded, i. e., A € Loo(K‘^)- 

Some cases where Condition 17.11 is satisfied were distinguished in |BSu3t 
Lemma 8.7]. 

Proposition 7.2 i |BSu3] ). Suppose that at least one of the following as¬ 
sumptions is satisfied: 

1°) d^ 2 ; 
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2°) 1, and the operator Ae is of the form Ae = D*gf*^(x)D, where g{x) 

is symmetric matrix with real entries] 

3°) the dimension d is arbitrary, and = g, i. e., relations (jl.30l) are 
satisfied. 

Then Condition o is fulfilled. 

In order to remove in the term of the corrector containing , it suffices 
to impose the following condition. 

Condition 7.3. Suppose that the T -periodic solution A(x) of problem (ll.3ip 
is such that 

A € Lp{Q), p = 2 for d = 1, p > 2 for d = 2, p = d for d ^ 3. 

The following result was obtained in [Su21 Proposition 8.11]. 

Proposition 7.4 f |Su2] l. Suppose that at least one of the following assump¬ 
tions is satisfied: 

1°) d < 4; 

2°) the dimension d is arbitrary and the operator As is of the form 
B*g%x) D, where g{x) is symmetric matrix with real entries. 

Then Condition o is fulfilled. 

Remark 7.5. If A^ = D*g'^(x)D, where g{x) is symmetric matrix with real 
entries, from Theorem 13.1 of [LaU] Chapter III] it follows that the norm 
II^IItoo does not exceed a number depending only on d, Ild'^llLoo; 

II, while the norm ||A||i^ is controlled in terms of d, p, Us'IIloo; II9~^IItoo? 
II^iIIl (o)? J = 1) ■ ■ ■) *^7 o,nd n. Herewith, Conditions 17.11 and 17.31 are satis¬ 
fied. 

In this subsection, our goal is to prove the following theorem. 

Theorem 7.6. Suppose that the assumptions of Theorem 14.11 are satisfied. 
1°. Suppose that Condition 17.11 is satisfied. Then for 0 < e ^ 1 and 
( G C \ M+, Id ^ 1, we have 

\\{Be - CQ^)-i - (I + e[A^]b{B) + 

l|D((i?, - CQl)-^ - (/ + e[Ad6(D) +e[AdS'd(R° - 
^ C'gcicffe. 


The constants Cg and Cg depend only on the initial data (11.401) and the 
norm ||A||l^. 
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2°. Suppose that Condition I7..SI is satisfied. Then for 0 < e ^ 1 and 
( G C \ M+, Id ^ 1, we have 

II(-®£“CQo) ^ + e[A^])(i?° — CQo) ^llL2(]R‘^)-)-i2(iR‘^) 

||D((B, - CQ8)-' -{1 + e[Ad&(D)Se + e[Ad)(^° - C^)“') IIl2(r<^)^L2(m<^) 

The constants C'f and Cg are controlled in terms of the initial data (I1.40D . 
p, and the norm ||A||ij,(Q). 

3°. Suppose that Conditions 17.11 and 17.31 are satisfied. Then for 0 < e ^ 1 
and C G C \ M+, |d ^ 1, we have 

IK-^e^CQo) ^ + £[A^]^(D) + e[A^])(7?° — CQo) ^IIl 2 (M‘*)^D 2 (]R‘*) 

l|D((i?£ — CQo) ^ “ (-^ + ^[A^]^(D) + e[A^])(7?° — CQo) IIl 2 (R‘')^>A 2 (R‘*) 

^ Cgc{(j))‘^e. 

(7.1) 

The constants Cg and Cg depend only on the initial data (jl.4nj) . p, and the 
norms ||A||l^, ||A||i,^(Q). 

From Corollary 12.21 Lemma 12.51 and Corollary 12.61 it follows that the 
operators under the norm sign in the estimates of Theorem 17.61 are bounded 
(under the corresponding assumptions). The statements of Theorem 17.61 
follow from (|4.4p . (14.5p . and Lemmas 17.7117.81 proved below. 

Lemma 7.7. Suppose that the assumptions of Theorem 14.11 and Condi¬ 
tion O are satisfied. Then for (" € C \ M+, |d ^ 1; o,nd 0 < e ^ 1 we 
have 

e||[Ad6(D)(5, - I){B^ - CWo)-^\\L,(Rfi^L,iRfi ^ ecmC\-^'\ (7-2) 

e||D[Ad6(D)(5, - I){B^ - ^ ec(d). (7.3) 

The constants and depend only on the initial data (|1.40p and 

Proof. To check ()7.2p . we apply (II.41) and (16.461) : 

||[Ad6(D)(5, - I){B^ - 

^ 2af ||A||L^||D(i?o - C^)-'||l,(m4)^^,(r.) ^ 4^c{4>)\C\-^/\ 
where = 2a}'^^c;^/^||/||L^ ||A||l^. 
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Now let US check (I7.3p . We have 

e5,[A^]6(D)(S, - I){B^ - = [(9,A)"](5e - I)&(D)(^° - C^)"' 

+ e[A"](5, - /)6(D)a, (S° - C^)-^ 

(7.4) 


Hence, 

£2||D[A^]6(D)(5, -I)(hO 

^ 2||[(DA)-](5, - /)6(D)(hO - CWorX,iR‘^)^L,(R‘^) 

d 

+2'=tiAiiL E ii(«< - mD)d,(B'> - 

i=i 

Combining this with Corollary 12.21 we obtain 
e2||D[A^]6(D)(5, - I){B^ - 
< 2/3i||(5, - /)6 (D)(hO - 

+ 2e^A\\ijP2 + 1)^2 

J=1 

Applying Proposition 13.11 to estimate the first term on the right and using 
dm) , we arrive at 

£2||D[A^]6(D)(5, - I){B^ - CWoX\\U^<i)^L,iR^) 

^ e^a, (2r2/3i + 8(^2 + 1)I|A||L) - C^)"' 

Together with (16.451) this implies the required inequality (17.3p with 

^A^ = ( 2 r?/ 3 i + 8(^2 + l)||A||i^)^^^ II/I|locII/“^IIloc- 

□ 


Lemma 7.8. Suppose that the assumptions of Theorem 14.11 and Condi¬ 
tion Ea are satisfied. Then for f £ C \ M_|_, |C| ^ 1, and 0 < e ^ 1 we 
have 

e||[A^](5, - /)(H° - ^ £Wec(</.)|C|-'/^ (7.5) 

e||D[A-](5, - I){B^ - ^ <^fec{ct>). (7.6) 

The constants and depend only on the initial data (I1.40P p, and 
I|A||lp(o). 

Proof. By Lemma 12.51 and Condition 17.31 we have 


||[A^](5£ - I){B^ - CQo) ^||l2(R‘*)^T2(R‘^) 

^ 2(7^^^11X112,^(0)11(71° - CQo) ^IIl2(R‘^)^hi(R'^)- 


(7.7) 
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Using the relation between the operators and (see 

Subsection 15.4p . and also (I5.12h . we obtain 

^ ii/iiLc(</>)icr'- 

Relations (j6.46l) . (I7.7p . and (|7.8I1 imply (|7.5p with 

= 2C‘>”||A||i,,n|(||/||i„ + cr'-'"||/||i„). 

Now we prove (I7.6p . Similarly to (17.41) . 

edj[A^]iSs - I){B^ - CWo)-" = [(9,A)"](5e - I)(S° - C^)-' 

+ e[A^](5,-/)5,(R°-C^)-^ 

Together with Corollary 12.61 and Lemma 12.51 this implies 

e ||D[A^](5e —— CQo) IIl 2 (R'^)^>L 2 (R'^) 

^ 2/3i||(5e — I){B^ — CQo) 

+ 2{ft + Ije'IIAIIi^jnilC^VlKS. - ^)D(B" - 

Applying Proposition 13.11 to estimate the first term on the right, we arrive 
at 

e||D[A^](S£ — /)(i3° — CQo) ^llL 2 (R‘*)->-i 2 (R‘*) 

< e ^2/liri + 8(/32 + 1) ||A||^^(.j^^ J ||D(R° — CQo) ^llL 2 (R‘i)-!-Hi(R‘i)- 

Combining this with (j6.45p and (I6.46[l , we obtain (j7.6[) with 

/ _ _ / N 2 \ 1/2 

ef = (2 a 4 + 8(ft +1) (cjf') l|A|||^,„,j 
X (v‘ll/lli»ll/“‘lli„ +cr'''^ii/iiL„). 

□ 


7.2. Removal of Si; in approximation of the flux. 

Theorem 7.9. Suppose that the assumptions of Theorem 14.11 are satisfied. 
Letg{x.) be given by ()1.25p . 

1°. Suppose that Condition 17.11 is satisfied. Denote 

Gi(e; C) := r&(D)(S° - CQ^)"' + / (KD)A)"5,(R° - CQ^)-^ (7.9) 

Then for 0 < e ^ 1 and C € C \ M+, |C| ^ 1, we have 

||/5(D)(R£ - CQo)“^ - G'i(^; C)llL2(R'i)^i2(R^) ^ C[Qc{(t)fe. 


The constant CJq is controlled in terms of the problem data (|1.40l) and 
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2°. Suppose that Condition 17.31 is satisfied. Denote 

G2(£;C) :=5"5e6(D)(BO-C^)-i+/(6(D)A)"(SO-C^)-i. (7.10) 

Then for 0 < e ^ 1 and C E C \ M+, |C| ^ 1, we have 

- CQS)-1 - G2(e;C)||L,(R4)^i,(«.) ^ C'foc{cl^fe. 

The constant Cfg depends only on the initial data (ll.40p . p, and ||A|| 2 ,p(Q). 
3°. Suppose that Conditions 17.11 and 17.31 are satisfied. Denote 

Gfie-O :=r&(D)(il°-C^)-'+/(&(D)A)"(ilO-C^)-\ (7.11) 

Then for 0 < e ^ 1 and C E C \ M+, |C| ^ 1, we have 

||/5(D)(il, - CQ8)“' - G'3(£;C)llL,(M4)^i,(K.) ^ Cioc(</))2e. (7.12) 

The constant Cio depends only on the initial data (11.401) . p, and the norms 

II^IUoo? ll^llLp(r2)- 

Proof. The statement of Theorem 17.91 is deduced from Theorem 17.61 The 
proof is similar to that of Theorem 14.41 fsee Subsection 16.311 . To be concrete, 
let us prove statement 3°. By analogy with (I6.40p . from (|7.1I) it follows that 

||/6(D)(i?,-CQS)“' 

- /6(D) (/ + e ([A-]6(D) + [A^])) (5° - Cm~"\\L,^L, (7.13) 

^ \\9\\L^ay‘^C9c{(j))'^e. 

Next, similarly to (j6.41l) . 

e/6(D) ([A"]6(D) + [A^]) (5° - C^)-i 
= /(6(D)A)^6(D)(bO - C^)-i + /(6(D)A)/il0 - CWo)-^ 

d 

+ eY,fbi ([A^]6(D)A + mDi) (5° - C^)-^ 

1=1 

The difference with the proof of Theorem 14.41 is related to estimation of 
the third term in the right-hand side of (|7.14ll . Condition 17.11 and relations 
(II. 4p , (11.51) imply that 

d 

e ||/6;[A-]6(D)A(i?° - C^)-'||L,(R4)^i,(K4) 

j=i (7-15) 

^ eaid^'^^||5l|Lool|A||Lool|D^(il° - CQo) ^IIl2(R‘^)^L2(R‘^)- 

Using Condition 17.31 (|1.5I) . and Lemma [231 we obtain 

d 

- CQo) ^IIl 2 (R‘*)^a 2 (R'^) 

i=i 


(7.16) 
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From (j6.45j) . (16.461) . (I7.15p . and (j7.16jl it follows that the (L 2 —)• L 2 )-norm 
of the third term in the right-hand side of (j7.14j) does not exceed Cioc((^)e, 
where 

Together with (I7.1.sp and (j7.14p this implies (17.121) with Cio = 
ll<7l|Loo«i^'C^9 + Cio. 

Statements 1° and 2 ° are proved in a similar fashion; to check 2 °, in 
addition we have to take (j6.48l) into account. □ 

7.3. The case of the zero corrector. Suppose that = g, which is 
equivalent to ()1.29l) . Then the T-periodic solution of problem (I1.23P is equal 
to zero: A(x) = 0. Suppose also that 

d 

J2Dja,{^r = 0. (7.17) 

1=1 

Then the T-periodic solution of problem (|1.3ip is equal to zero: A(x) = 0. 
Under these assumptions, the operator (|4.3p is equal to zero. Hence, relation 
(14.5p simplifies, and Theorem 14.21 implies the following result. 

Proposition 7.10. Suppose that the assumptions of Theorem 14.11 are sat¬ 
isfied. Suppose also that relations (ll.29p and (I7.17p are satisfied. Then for 
0 < e ^ 1 and C, € C \ M+, |C| ^ 1, we have 

l|D ((He — CQo) ^ — (H° — CQo) ^ Cec{(j))‘^S. 

7.4. The special case. Suppose that g^ = g, which is equivalent to (|1.30p . 
Then, by ProDosition l7.2f 3°l. Condition 17.II is satisfied. According to |BSu2[ 
Remark 3.5], in this case the matrix-valued function (|1.25l) is constant and 
coincides with 5 °, i. e., ^(x) = g^ = g. Thus, g^b{'D){B^ — CQo)~^ = 
ff 06 (D)(H 0 -C^)-i. 

In addition, suppose that relation (17.170 is satisfied. Then A(x) = 0, and 
Theorem 17.91 3°! implies the following result. 

Proposition 7.11. Suppose that the assumptions of Theorem 14.11 are sat¬ 
isfied. Suppose also that relations (|1.3np and (|7.17p are satisfied. Then for 
0 < e ^ 1 and C G C \ M+, |(^| ^ 1 , we have 

||/5(D)(He - CQl)-^ - 9 ° 6 (D)(hO _ ^ Ciocifife. 

8 . Another approximation 

OF THE GENERALIZED RESOLVENT [B^ — CQq)”^ 

8.1. The resnlt in the general case. In Theorems of Sections 0] and [71 
it was assumed that C G C \ M+ and |C| ^ 1- In the present subsection, we 
obtain the results in a wider domain of Q. 
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Theorem 8.1. Suppose that the assumptions of Theorem 14.21 are satisfied. 
Let /(x) and fo be defined in Subsection 15.4L Let ( G C \ [c[,,cx)), where 
Cl, 0 is a common lower bound of the operators = {f^)*Bsf^ and 
B^ = foB^fo. We put C “ Cl, = IC — ci,|e*’^, G (0, 2tt), and denote 


q{C) = 


cW^IC-Cbl ^ 
c(V')^ 


IC-Cbl < 1, 
IC-Cbl ^ 1. 


( 8 . 1 ) 


Then for 0 < e ^ 1 we have 

\\{Be - CQo) ^ - {B^ - CQo) ^llL 2 (R‘')-i>i 2 (R‘') ^ ( 8 - 2 ) 

IK-Se — CQo) ^ — CQo) ^ — cK(e;C)|| l 2(R‘*)->-T2(R‘*) ^ ^i2£'(C)e) 


|D((i?, - CQS)-i - (5° - CQo)-' - eK{e-, 0) ||l 2 (R^HL 2 (R'^) 


(8.3) 

(8.4) 


^ (C'ls + IC + ll'^^C'w)^>(C)c- 

Let G{e; C) be the operator defined by (j4.6l) . Then for 0 < e ^ 1 we have 

\\fb{n){B, - CQS)-' - G(e;C)||L2(R<^)^L.(R<^) ^ (^i5 + IC + l\^/^Cie)Q{C)e. 

(8.5) 

The constants Cn, C 12 , C'ls, Cu, C'ls, o.nd Ciq are controlled in terms of 
the initial data (ll.40p and ci,. 


Corollary 8.2. Under the assumptions of Theorem 18.11 we have 

ll(-®£ “ CQo) ^ — {B^ — CQo) ' “ C)IIl2(R‘^)^>r'1(r4 ) 

^ (C'12 + Ci3 + IC + ll'^^C'14)^>(C)e, 0 < e ^ 1 . 


Remark 8.3. 1) IFe do not control the lower edges of the spectra of the 
operators B^ fi 0 and B^ 0 explicitly. However, we can always take 
c\, = 0. In this case, we have if = fi, and for |C| = |C “ ci,| ^ 1 estimates of 
Theorem 18.11 are more rough than the results of Theorems 14.1114.21 and 14.41 
2 ) For large |C| it is more convenient to apply Theorems 14.IL14.2L anti 14.4L 
while for hounded values of \C\ Theorem 18.11 may be preferable. 


Proof. To check (j8.2j) . we apply Theorem [4T] for C = —I- According to (14.2I) . 

||(Re + Qo) ^ — (5° + Qo) '||l 2 (R'^)^T 2 (R'^) ^ 0 < e ^ 1. 

Similarly to (I5.2ip - (|5.24l) . using the analog of identity (|5.20l) for i? = 1 (with 
C and Ao replaced by C and 1, respectively), we obtain 

||(R, - CQS)-' - {B^ - C^)-'||l 2 ^L 2 ^ C'4£||/||L||/-1||L sup 

r “ Cr 

+|i + CIIK-Bg — CQo) 'll/i-i^L 2 ll[Qo “ Qo]||hi^./i-i||(^° “ CQo) 'IIl 2 ->hi- 

(8.7) 
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A calculation shows that 

(U + 1)2 

sup 


^ (C[, + 2)2^(C), C € C \ [c[,,cx)). 


Ch 

Next, by the duality argument, 

\\{B, - = ll(^. - CQ!>)-^\\L,^m- 

By (I5.14D . we have 

1 


( 8 . 8 ) 

(8.9) 




m-CQ!>) 


\ L2^L2 




Doc sup 


|u C* 


= ll/llL^c(V')|C-Cb 


-1 


Note that 

1C + 1^/^ ^ (2 + Cb)^/^ for 1C - Cbl < 1, 

1C + ll^^^lC - CbT^ < (2 + Cb)^/^ for 1C - Cbl ^ 1. 

Therefore, 

ic + - C- 05 r‘lli.^i, < II/IIL(2 + a)'''"!>K)'' 

By analogy with ()5.28p . we obtain 

Z.V2 


||D(B, - CQt>r% 2 ^L, ^ c* sup 

T - C 


A calculation shows that 


sup 

1 />Cl 


u-C 


* 12 


< 


(Cb + l)c(V')^|C - Cbl N |C-Cb|<l, 
(cb + l)c(V')2|C - Cb|■^ IC-Cbl^l. 


( 8 . 10 ) 

( 8 . 11 ) 

( 8 . 12 ) 

(8.13) 

(8.14) 

(8.15) 


Using (j8.11D and the estimate |C + 1||C “ Cb| ^ ^ 2 + Cb for |C — Cb| ^ 1, we 
see that 


IC + 1| sup 


^ (cb + 2)(cb + l)^(C)- 


(8.16) 


12>C[, |u C*P 

By ()8.14p and p8.16p . 

\C + i\^/^n{B,-C*Ql)-^\\L,^L, 

^ cC^^^||/||Loo(Cb + 2)^/^(cb + l)^/^£-(C)^'^^. 

Relations (18.9p . pS.lSp . and ^8.171) imply that 

IC + l|^/^||(Re — CQo) ^IIh- 1 ->-L 2 ^ ^9^(0^'^^) 

where 

*^9 = ll/lli^(2 + Cb)^/^ + c* ^ ||/||i,oo(cb + 2)^'^^(cb + 1)^'^^. 

Similarly to (|8.10l) and p8.14p . using (|1.42l) and (|5.12p . we obtain 

||(B°-C^)-'||l 2 ^L 2 ^ \\f\\Lc{m-c,\-\ (8.19) 

I/V2 


(8.17) 


(8.18) 


||D(i?^-CQo)- 


I L 2 —>-1/2 


^ c 


-1/2 


Loc sup 

U^Ct, 


1/ — c* 


( 8 . 20 ) 
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Together with (j8.11j> . (j8.12p . and (|8.16|) this yields 

|C+ir/2||(S°-C^)-'||L,^77l (8.21) 

Combining (I2.14p . (|8.7I) . (18.81) . (|8.18l) . and (I8.2ip . we arrive at (18.21) with 

Cn = C,ic, + 2nf\\lJf-^l^+CQ,<tl 

To prove (18.3p . we rely on the already proved estimate (18.21) : 

\\{B, - Cg^)-i - (5° - C^)-i - eKie-,C)\\L,^L, 

^ Cii£»(C)e + e||it'(e;C)l|L2^i2- 

By (11.41) . (13.121) . and p6.5p . the operator (14.3p satisfies 

\\K{e-0\\L,^L, ^ 

+ M,\\{B^-CWo)-^\\l,^L2- 

Taking (jS.lSp and f|8.20p into account, we have 

||D(-S CQo) ||l2—>--^2 ^ ^/^(c, + l)V2||/||^^p(C)V2, 

By (IS23]), and (IMI) . 

where Glio = + 1 )^/^||/||l^ + Mi||/|||^. Combining (18.221) 

and (I8.25p . and noting that ^ £*(0) we arrive at estimate p8.3l) with 

Cl2 = Cii + CiQ. 

In order to prove (18.4p . we write down the analog of (I6.17P for i? = 1 

1 /2 

(at the points C and 1) and apply the operator Bs to both sides of the 
corresponding identity: 

Bl/\{B, - QQl)-^ - (5° - C^)-i - eK{e- 0) 

= Bl/\B, - QQl)-\B, + Ql) [{B, + Ql)-^ - {B^ + - eK{e-, -1)) 

X {B^ + Qo){B^ - (Qo)-^ + e(l + ObII\B, - CQS)"'Co^(c 0 
+ (1 + Q)Bl/\B, - CQl)-\Ql - Wo){B^ - C^)"'. 

(8.26) 

Denote the consecutive summands in the right-hand side by Xj(e;C)j 
i = 1,2,3. 

Using the analogs of p5.14p . (I6.2ip . and (16.221) with i? = 1, we see that 

\\Bll\B, - CQl)-\B, + QS)w||l,(m4) 

= \\Bll\B, - CI)-\B, + (8.27) 

^ \\{Bs - (1) ^(Be-I-/)||i2(R'^)->-T2(R'^)ll-®£'^^’''^llj^2(K'^) 


( 8 . 22 ) 

(8.23) 

(8.24) 

(8.25) 
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for any w € C”). The first term in the right-hand side of (j8.26p is 

estimated with the help of (I8.27[l and the upper estimate (j5.6jl with ?? = 1: 




-h 


X 11(5, + Ql)-^ - {B^ + Qo)-' - eK{e- 

, n I ^^2|| ^11 II f-ii 


(8.28) 


i° + Qo)iB^ 

where Cn = Cg''^(C 5 -h Cq){c\, -t- 2 )^||/||l^||/“^||l^. In the last passage, we 


have used Corollary 14.31 for ^ = — 1, the analog of ()6.44p . and 

Now we estimate the second term in the right-hand side of (j8.26p : 

(8.29) 

According to (|5.13p and (I5.14p (with = 1), we have 

7/1/2 

115^2(5, - ^ ll/IUcc sup , 

|u <5 I 

By (18.161) . this implies that 

\C + l\^/^\\Bl/\B,-CQf,) 

11 ^2—>-^2 ^ (*"b + 2)l/2(q + l)l/2||/||i„(.(C)l/2. 

(8.30) 

From (I8.2ip and p8.23p it follows that 


|C + l|'/'||i^(e;C)l|L2^L2 ^ {ay"Mi + M,)€,Q{C)^/^ 

Relations (I8.29p - p8.3ip imply that 

l|iz/2(e; C)IIl2-^l2 ^ ^i2piC)£, 

where C 12 = (c^ -F 2 )V 2 (c^ + 1 )^^^II/I|loo + ^ 1 )^ 9 - 

For the third term in the right-hand side of p8.26p . we have 

||X3(cC)IIl2^l 2 ^|C + i|||i?y'(i?.-CQ§)-'lb-i^L2 

ll[Qo “ Qo]\\h'^^H-^\\{B^ - CQo) ^llL2-i^Hi- 

By the duality argument (cf. (|6.311) 1. 

||5l/2(5,-CgS)"'llH-i^L2 = WfBl/^iBe-Cir^K^H^- 

Similarly to (I6.32[l . using p8.8p . we obtain 

\\B[f]Bl/\B,-CI)-^\\L,^L, 

^ c;'/'||5,(5, - C/)-'||l2^L2 ^ + 2 )QiCy/\ 

Next, taking (I8.15P into account, we have 


(8.31) 

(8.32) 


\\[r]Bl/\Be-Cl) 


-ll 


\L 2 ^L 2 




Loo(Cb + l)^/'^^(C)^/'- 


From p8.34p ~ p8.36p it follows that 

\\By\B,-CQI>)-^\\H-^^L2 ^ e:l3^^(C)'/^ 


(8.33) 

(8.34) 

(8.35) 

(8.36) 

(8.37) 
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where Ci 3 = ||/||Loo(cb + l)^'^^+c* + Relations (|2.14p , (|8.2ip . ()8.33p . 

and (I8.37P yield 

\\Z^{e-0\\L,^L, ^ CQ„C9e:i3|C + (8.38) 

Combining (I8.26p , (18.2811 , (18.3211 , (18.3811 , and the lower estimate (15.611 (with 

I? = 1), we arrive at (18.411 with C 13 = ^(^11 + ^ 12 ), ^14 = 

It remains to check ()8.5p . From (18. 4p and (11.411 it follows that 

||/ 6 (D)(R,-CQ 8 )-i 

- / 6 (D) {I + e[A^]S/(D) + e[A^]S’,) (5° - C^)"'(8.39) 
^«l^'llffl|Loc(C^13 + |C + l|'/'Ci4)/C)£. 

By analogy with ()6.41ll . ()6.42ll . and (j6.48p . we obtain 
||/ 6 (D) (/ + £[A^]5,6(D) + /A^]5,) (R° - C^)"' - G(£; C) 

< e\\g\\L^ay\{a,dy/‘^M, + ri)||D2(R0 - CWo)-^\\l,^l, (8.40) 

+ e||5lUoc(«i^^)'^'Mi||D(R0-C^)-i||i,^i,. 

Similarly to ()6.43p and (|6.44ll . taking (18.811 into account, we have 
||d 2 (r 0 - CQo)"iL 2 ^L 2 ^ c:;^||/||l^||/"^||l^ sup ^ 

|p Cl (8,41) 

^ cC^||/||L^||/“^||L^(cb + 2)p(C)^/^. 

Together with (|8.24ll and (|8.40p this implies 

||/6(D) (/ + /A-]5,6(D) + e[A^]S,) (5° - C^)"' - G{e; ()\\l,^l, 

wher^CM = lbllLooll/llLoo«l'^^(((«ic^)^'^^^i + n)cC^l|/“^||L^(cb + 2) + 
(i^/^MicC^'^^(c|, + 1)^'^^). Now, relations (|8.39p and (18.4211 imply estimate 
([83]) with Cis = al^^llfl'IlLoeC'is + and Cie = lbllLooC'i 4 . □ 

Note that, if Qo is a constant matrix, then Qq = Qq and the third sum¬ 
mand in the right-hand side of ()8.26p is equal to zero: Is{£',C) = 0. There¬ 
fore, from the proof of Theorem 18.11 we derive the following. 

Remark 8.4. If the assumptions of Theorem 18.11 are satisfied and Qo is a 
constant matrix, then estimates ()8.4jl - ()8.6p are true with C 14 = Cie = 0. R 
means that in estimates ()8. 411 - ^8.611 there are no terms containing |C + 1 |^^^. 

8.2. Removal of S^. Now we distinguish the cases where the smoothing 
operator in the corrector can be removed. 

Theorem 8.5. Suppose that the assumptions of Theorem 18.11 are satisfied. 
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1°. Suppose that Condition 17.11 is satisfied. Let Gi{e;C) be the operator 
defined by ra. Then for 0 < e ^ 1 we have 

II(-®£“CQo) ^ — (-^ + + e[A^]5e)(i?° — CQo) ^IIl2(R‘*)^-L2(R‘*) 

^ C[rg{C)e, 

||D ((S, - CQ^)-i - (/ + e[A-]6(D) + e[A-]5,) - (Wo)-^) 

^ (C'l8 + 1C + 

Ubi^m - CQl)-^ - Giie-, C)\\L,m^L,m ^ iC^o + 1C + l\G^C^i)QiC)e. 

The constants CJy, C^g, C^q; and C 21 are controlled in terms of the 
problem data ()1.40D . C[,, and ||A||i^. 

2°. Suppose that Condition 17.31 is satisfied. Let G2{£]C) be the operator 
given by ()7.10p . Then for 0 < e ^ 1 we have 

IK-^e^CQo) ^ “ (-^ + £[A^]^(D)5'e + e[A'^]) (5° — CQo) ^IIl2(R‘*)^L2(R‘') 

^ C’^reiOe, 

||D ((S, - CQ^)-i - (/ + e[A-]6(D)5, + e[A-]) - (Wo)-^) 

^ (C'ls + 1C + i|^'^^c'i9)^(C)^) 

Ub{T>m - CQl)-^ - G2ie-, C)\\L,iRfi^L,iRfi ^ (G^o + 1C + l\G^G^,)QiC)e. 

The constants Gf^, Gfg, G"g, Glf^, and G'fi depend only on the initial data 
(|1-40P, a, p, and ||A||ip(s^). 

3°. Suppose that Conditions 17.11 and 17.31 are satisfied. Let G 3 (e;C) be the 
operator given by (|7.11l) . Then for 0 < e ^ 1 we have 

II(S, - CQ8)-i - (/ + e[A-]6(D) +e[A-])(i?o _ C^)-'||l,(r^)^l,(r.) 

^ Gi7Q{C,)£, 

||D [{B, - CQ^)-i - (/ + e[A-]6(D) + e[A-]) (5° - C^)-i) ||i,(R.)^i,(R.) 

^ (C'ls + IC + A^^'^GifijQ{C)e, 

||/6(D)(i3, - CQl)-^ - Gs{e; C)|Il,(r.)^l,(r.) ^ {G 20 + IC + l|'/'C2i)^(C)£. 

The constants Cu, Ci%, Cig, C 2 Q, and C 21 are controlled in terms of the 
initial data (|1-40P , Cl,, p, ||A||l^, and ||A||ip(Q). 

Remark 8.6. If the assumptions of Theorem 18.51 are satisfied and Qq is 
a constant matrix, then estimates of Theorem 18.51 are valid with Cjg = 
G '21 = Gf^ = C" = Ci9 = C 21 = 0. 

Proof. Approximations with corrector for the operator {B^ — CQo)~^ are 
deduced from Theorem 18.11 by analogy with the proof of Theorem 17.61 The 
difference is that, instead of (16.451) . (|6.46l) . and (17.81) we use (|8.41l) . (|8.24l) . 
and (I8.19p . respectively. 
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The statements concerning the flux are derived from approximations for 
the operator — CQo)~^^ by analogy with the proof of Theorem 17.91 The 
difference is that, instead of (j6.45|) and (I6.46p we apply (j8.4ip and (I8.24p . 
respectively. □ 

8.3. Special cases. Similarly to Proposition 17.101 with the help of Theo¬ 
rem 18.11 we distinguish the case where the corrector is equal to zero. 

Proposition 8.7. Suppose that the assumptions of Theorem 18.11 are satis¬ 
fied. Suppose also that relations (ll.29p and (j7.17p are satisfied. Then for 
0 < e ^ 1 we have 

||D {{B, - CQl)-^ - (B^ - C^)-i) 

^ (C'ls + IC + 

Similarly to Proposition 17.111 we deduce the following statement from 
Theorem 18.51 3°). 

Proposition 8.8. Suppose that the assumptions of Theorem 18.11 are satis¬ 
fied. Suppose also that relations (jl.30p and (j7.17p are satisfied. Then for 
0 < e ^ 1 we have 

\\fb{B){B, - CQ§)-i - g%{D){B^ - 
< (C’20 + |C+l|'/'C2l)^?(C)£. 

9. Application of the general results 

In this section, we consider examples that were studied before in |Su2] 
and |Su6| . 

9.1. The scalar elliptic operator. We consider the case where n = 1, 
m = d, 6(D) = D, and g{x.) is a T-periodic symmetric {d x (i)-matrix- 
valued function with real entries such that g{'s.) > 0 and g,g~^ G Too- 
Then, obviously, oo = oi = 1 (see (11.41) 1. The operator Ae takes the form 
Ae = -divg^{x.)V. 

Next, let A(x) = col{Ai(x),..., Arf(x)}, where Aj(x), j = 1,... ,d, are 
P-periodic real-valued functions such that 

Aj € Lp{Q), /? = 2 for d = 1, p > d fox d 2; j = 1,... ,d. (9.1) 

Let u(x) and V(x) be real-valued P-periodic functions such that 

u, V G Ts(n), / v{x) dx = 0, s = 1 for d = 1, s > d/2 for d ^ 2. 

Jq 

(9.2) 

In L 2 (M'^), we consider the operator given formally by the differential 
expression 

B, = {D- A^(x))*/(x)(D - A^(x)) + e-'n^(x) + V^(x). 


(9.3) 
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Precisely, is the operator generated by the quadratic form 

be[u,u]= f (( 5*^(0 — A^)u, (D — A^)n) + + V'^)|n|^) dx, 

iRd 

u € 

The operator (19.311 can be treated as the periodic Schrodinger operator 
with the metric < 7 ^, the magnetic potential A^, and the electric potential 
g-i.y£ _j_ p;£ containing the singular summand 

It is easy to check (see |Sn2( Subsection 13.1]) that the operator (|9.3I1 can 
be written in the required form (jl. 22 jl : 

d 

Be = D*/(x)D + ^ {a]{^)D, + Dj{a]{-K)y) + Q^(x). 
i=i 

Here the real-valued function Q{'x) is given by 

Q(x) = V(x) -h ( 5 (x)A(x), A(x)). (9.4) 

The complex-valued functions aj(x) are given by 

Oj(x) =-dj(x)+ i7j(x), j = l,...,d, (9.5) 

where ? 7 j(x) are the components of the vector-valued function /^(x) = 
5 ((x)A(x), and 7 j(x) = —dj^{x.). Here ‘h(x) is the T-periodic solution of 
the problem A<I>(x) = n(x), d’(x) dx = 0. Then 

d 

v{^) =-'^djjj{x). (9.6) 

1=1 

It is easy to check that the functions (|9.5p satisfy condition (11.811 with suitab¬ 
le p' depending on p and s; the norms ||aj||Lp,(n) controlled in terms of 

IIs'IIdooi II-^IIl (o)) IIiiIIlsCO)! and the parameters of the lattice T. (See |Su21 
Subsection 13.1] for details). The function (19.4p satisfies condition (I1.14p 
with suitable s' = min{s; p/2}. Thus, now the form q is as in Example 11.41 
Suppose that Qo(x) is a positive definite and bounded T-periodic function. 
According to (ll.38p . we consider the nonnegative operator Be := Be TcsQq. 
Here C5 = (cq -|- C4)||Qo and the constants cq and C4 correspond 

to the operator ()9.3p . We are interested in the behavior of the operator 
{Be — CQq)~^, where C € C\M+. In the case under consideration, the initial 
data (see ()1.40ll i reduces to the following set 

d,p,s; IblUoo) \\9~^\\l^, ||A||i^(n), ||w||l 4 o), l|V||L^(f 7 ), 

1 * * / 
IIQoIIloo ) IIQo Wloc'i the parameters of the lattice T. 

Let us find the effective operator. In the case under consideration, the 
T-periodic solution of problem (|1.23p is the row 


A(x) = fT(x), T(x) = (V^i(x),...,V'rf(x)) 
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where i/’j G H^{Q) is the solution of the problem 

divg'(x) (V'0j(x) + ej) =0, / V^j(x) dx = 0. 

Jn 

Here ej, j = is the standard orthonormal basis in Clearly, 

the functions real-valued, and A(x) has purely imaginary en¬ 

tries. By ()1.25p . ^(x) is the {d x d)-matrix-valued function with the columns 
g'(x)(VV'j(x) + ej), j = 1,..., d. According to (ll.24p . the effective matrix is 
given hy f^g(x) dx. Clearly, the matrices g(x) and g^ have real 

entries. 

By (19.5p and (19.611 . the periodic solution of problem pi.311) can be repre¬ 
sented as A(x) = Ai(x) -|-iA 2 (x), where the real-valued F-periodic functions 
Ai(x) and A 2 (x) are the solutions of the following problems: 


— div 5 r(x)VAi(x)-|-u(x) = 0, / Ai(x)dx = 0, 

Jn 

— div5r(x)VA2(x)-|-div5r(x)A(x) = 0, / A2(x)dx = 0. 

Jn 

The column V (see (11.3211 ) can be written as C = Vi-|-iV 2 , where the columns 
Vi and V 2 with real entries are given by 


Cl = |F!|-i / (V'I/(x))*ff(x)VA 2 (x)dx, 


Jn 

V 2 = -\n\-^ [ (VT(x))*ff(x)VAi(x)dx. 
Jn 

According to pi.33p . the constant W is given by 


(9.8) 


^ = 1^1 W (( 5 (x)VAi(x), VAi(x)) ( 5 r(x)VA 2 (x), VA 2 (x))j dx. 

J 

(9.9) 

The effective operator for takes the form 
B^u = -divff°Vu + 2i(Vu,Ci Tr?) + {-W+ Q + C 5 Q^)u, u € 

In other words, 

5° = (D - A^)*g^{T> - AO) + + cs^, (9.10) 

where 

A° = (5°)-'(C+^), V° = V + ( 5 A, A) - (< 7 °A°, A°) - W. (9.11) 

According to Remark 17.51 in the case under consideration Conditions 17.11 
and 17.31 are satisfied, and the norms ||A||i^ and ||A||i^ are controlled in 
terms of the initial data dlip. Therefore, it is possible to use the simpler 
corrector given by 

K^(e;0 := ([A^]D + [A^])(R0 - = ([T"]V + [A^])(R0 - C^)-^ 

(9.12) 
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The operator (I7.11|) takes the form 

G3(e; C) = + /(DA)^(bO - C^)-\ 

Applying Theorems 14.1117161^ 3° 1. and l7.9r 3°l. we deduce the following result. 

Proposition 9.1. Let Be be the operator (19.3j) whose coefficients satisfy the 
assumptions of Subsection I9.ll Let Qo{x) be a T-periodie positive definite 
and bounded funetion, and let C5 = (cq + C4)||Qo ^ll^oo; where the constants 
Co and C 4 correspond to the operator (lOD. Let Be = Be + c^Qq, and let 
he the effective operator (I9.in|] . whose coefficients are defined by (j9.8p . 
(j9.9p . and (19.111) . Let G C \ M+, ( = |C|e*^; 0 < 4> < 27r, and |C| ^ 1- 
Suppose that K^{e] f) is defined by (j9.12p . Then for 0 < s ^ 1 we have 

\\{Be - - {B^ - ^ C,ec{cfm-^/fi ( 9 . 13 ) 

\\{Be - CQo) ^ - CQo) ^ (9 14) 

^ {Cs + Cg)c{4>fe, 

UV{Be - CQS)-' - (rv + /(VA)-) (fiO - 
^ Cioc{(j)fe. 

( 9 . 15 ) 


Here c{(fi) is given by (14.11) . The eonstants Cg, Cg, and Ciq depend only 
on the initial data (1^. 

In order to obtain ,,another” approximation of the operator {B^ — CQo)”^’ 
we use Theorem 18.11 (for the principal term of approximation) and Theo¬ 
rem (831(3°). 

Proposition 9.2. Suppose that the assumptions of Proposition are sa¬ 
tisfied. Denote /(x) = Qo(x)~^'^^ and fo = Let (" € C \ [ct,,oo), 

where c\^ ^ 0 is the common lower bound of the operators B^ := f^B^f^ and 
B^ := foB^fo- Let q{C) be given by (18.11) . Then for 0 < e ^ 1 we have 

\\{Be — CQo) ^ — CQo) ^llL2(K‘*)-i>E2(R‘') ^ CiiQ{C)e, 

IK-Se — CQo) ^ — {B^ — CQo) ^ — eAr°(e; C)||l 2 (R‘^)^>hi(R‘^) (9 16) 

^ (Cn + C'ls -l- 1C + l|^^^C'i9)f3(C)£, 

I|/V(i?, - CQo)~^ - (rv + /(VA)^) (5° - C^)"'IIl2(R‘^)^l 2(R‘^) 
^(C2o + |C + l|'/'C2i)e(C)e. 

(9.17) 


The constants Cu, Cn, Ci^, Cig, C 20 , and C 21 depend only on the initial 
data (|9.7p and ct,. In the case where Qo is constant, estimates (19.1611 and 
(I9.17P are true with Cig = C 21 = 0. 
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9.2. The periodic Schrddinger operator. In we consider the 

operator A = D* 5 (x)D + h(x), where g{x.) is a F-periodic symmetric 
{d X (i)-matrix-valued function with real entries such that g{x) > 0, g, 
9~^ € and i;(x) is a real-valued F-periodic function such that 

V G Fs(ll), s = 1 for d = 1, s > d/2 for d ^ 2. 

As usual, the precise definition of the operator A is given in terms of the 
quadratic form 


am, u\ = 


/ (( 5 (x)Du, Du)-|-'(;(x)|n|^) dx, 

jRd- 


u € H^{ 


(9.18) 


Adding an appropriate constant to u(x), we may assume that the bottom of 
the spectrum of the operator A is the point zero. Under this condition, the 
operator A admits a convenient factorization (see, e. g., [BSull Chapter 6, 
Subsection 1.1]). To describe this factorization, we consider the equation 


D*^(x)Du;(x) + v{x)uj{x) = 0. 


(9.19) 


This equation has a F-periodic solution oj € defined up to a constant 

factor. This factor can be fixed so that uj(x) > 0 and 


a;^(x) dx = |11|. 


(9.20) 


Moreover, this solution is positive definite and bounded: 0 < wq ^ “^(x) ^ 
wi < oo, and the norms ||ci;||l^, are controlled in terms of II^Hloo) 

lld~^llToo) The function w is a multiplier in as well 

as in After the substitution u = ioz, the form (I9.18P turns into 


a[u, u]= / (jj'^{x){g{x)Y)z,'Dz) dx, u = (jJZ, 

dK'i 


z£H 


1 , 


Thus, the operator A admits the following factorization: 


A = 


UJ 


-1 


Y)*giyuj 


-1 


g = ^ 9- 


Now we consider the operator 


Ae = 


UJ 




D*/D(u;^) 


e\ — l 


In the initial terms, (19.22^ can be written as 


As = + 


(9.21) 

(9.22) 

(9.23) 

We emphasize that the expression ()9.23p involves the large factor stand¬ 
ing at the rapidly oscillating potential v^. The operator As can be viewed 
as the Schrddinger operator with the rapidly oscillating metric g^ and the 
strongly singular potential 

Next, as above, we assume that A = col {Ai(x),..., Arf(x)}, where Aj(x), 
j = 1,... ,d, are F-periodic real-valued functions satisfying (19.Ih . Let u(x) 
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and V(x) be F-periodic real-valued functions such that 

n, V € Ls{0,), s = 1 for d = 1 , s > d/2 for d ^ 2 , 

/ n(x)ti;^(x) dx = 0 . 

Jn 

Consider the operator given formally by the expression 

B, = {Y>- A^)*5^(D - A^) + + VF 


(9.24) 


(9.25) 


(The precise definition is given in terms of the corresponding quadratic 
form.) The operator B^ can be treated as the Schrodinger operator 
with the metric the magnetic potential A^, and the electric potential 
containing the singular summands £~‘^v^ and £~^v^. 

We put 

n(x) := n(x)a;^(x), V(x) := V(x)a;^(x). (9.26) 

Using (|9.22l) and (I9.23p . we see that B^ = , where the oper¬ 

ator Be is given by (19.31) with g as in (I9.2ip . and v, V as in (19.261) . From 
(I9.24P and the properties of io it follows that the coefficients v and V satisfy 

( 1921 ). 

Let Qo{^) be a T-periodic real-valued function; we assume that (5o(x) is 
positive definite and bounded. We put Qo(x) := Qo(x)w^(x). Denote C 5 = 
(cq -|-C 4 )||Qq where the constants cq and C 4 correspond to the operator 

Be described above. The operators Be := Be + c^Qq and Be = Be + c^Qq 
satisfy the following relation: Be = Be{u)^)~^■ Obviously, 

{Be - CQS)-' = ^"(Be - CQir^u;^- (9.27) 


Now the initial data reduces to the following set 

d,p,s; II^IIloo! Wd ^I|loo> l|A||i,p(Q), ||7||i^(Q), ||V||i^(n), 

(9.28) 

IIQoIIloo ) IIQo llioo^the parameters of the lattice T. 

Using (|9.27p and Proposition 19.11 we obtain the following result. 

Proposition 9.3. Let Be be the operator ()9.25p whose coeffieients , A*", 
tF, and satisfy the assumptions of Subsection 19.21 Let co{x) be the T- 
periodic positive solution of equation (I9.19p satisfying condition (I9.20p . Let 
Be be the operator (I9.3p with the coeffieients g'^ = 5 ^( 0 ;^)^, A^, = tF(w^)^, 

and V‘^ = W(a;^)^. Let Qo be a T-periodic bounded and positive definite 
function, and let Qo := Qouj"^. Denote C 5 = (cq -|- C4)||(5 q where the 

constants cq and C 4 correspond to the operator Be- Let Be = Be + c^Qq and 
Be = Be + c^Qq. Let B^ be the effective operator for Be defined by (I9.10p . 
Let Q G C \ M+, C = 4> £ (0)2vr), and |C| ^ 1. Let K^{e-,C/) he the 






















TWO-PARAMETRIC ERROR ESTIMATES 


57 


corrector (j9.12jl for the operator . Then for 0 < e ^ 1 we have 

- CQq) ^ - co^ - CQo) ^ ^4||w||i^c((/))^e|C| 

(9.29) 

IKw'^) ^ {Be -CQq) ^ - {B^ - CQo) 

^(C8 + C9)||a;||i^c(</-)2e, 

(9.30) 

\\f\/{u:T\Be - CQS)-' - (FV + /(VA)-) (5° - CWo)-^u:^\\L2m^L2m 

^ Cio\\uj\\L^c{(f)‘^e. 

(9.31) 

Here c{cj)) is given by (14.ip . The constants ^411^111^, (Cs + C' 9 )||a;||L^, and 
CioII^^IIloo depend only on the initial data p9.28p . 

Proof. Multiplying the operators under the norm sign in (j9.13l) by lo^ from 
both sides and using (|9.27p . we arrive at p9.29p . 

By (I9.27p . {u^)~^{Be — CQq)”^ ~ (Be — CQo)~^^‘^- Multiplying the oper¬ 
ators under the norm sign in (I9.14|] by from the right, we obtain (I9.30|) . 
Similarly, (lO.lSp implies (|9.3ip . □ 

In order to obtain approximation of the operator {Be — CQo)~^ iii ^ wider 
domain of the parameter C, we use Proposition 19.21 By analogy with the 
proof of Proposition 19.31 it is easy to check the following statement. 

Proposition 9.4. Suppose that the assumptions of Proposition 19.31 are sat¬ 
isfied. Denote /(x) = Qq{-x)~^/‘^ and fo = {Qo)~^^‘^. Let ^ G C \ [ci,,oo), 
where c\, ^ 0 is a common lower bound of the operators Be := f^Bef^ and 
B^ := foB^fo. Then for 0 < e ^ 1 we have 

IK-Be —CQo) ^ {B^ — CQo) ^ 

II(o;'^) ^{Be-CQD ^ - (B^ - CQo) “ e-^°(£;C)‘^^llL2(K‘*)->Hi(R‘*) 

^ (Cn + C'ls + 1C + l|^^^C'i9)ll‘^l|Lool?(C)e) 

(9.32) 

UV{u:^)-\Be - CQl)-^ - (rv + /(VA)^) (5° - C^)-'w"||l2(M‘^)^L2(r<^) 
^ { C20 + IC + i|^'^^C'2i)||<^||loo1i(C)^- 

(9.33) 

Here g{C) is given by pS.ip . The constants C'ii||a;|||^, (^17 + C'i8)||w||l^, 
CiqII^^IIloo; C'2o||w||loo? C'2i||w||loo Controlled in terms of the initial 
data p9.28p and C|,. In the case where Qq is eonstant, estimates (j9.32p and 
(19.331) are valid with Cig = C 21 = 0. 
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Remark 9.5. Propositions I9..S1 and 19.41 demonstrate that for the operator 
(j9.25j) the nature of the results is different from the results for the opera¬ 
tor ([ 931 ). Because of the presence of the strongly singular potential e , 
the generalized resolvent [B^ — CQo)~^ limit in the -operator 

norm; it is approximated by the generalized resolvent [B^ — CQo)~^ sand¬ 
wiched between the rapidly oscillating factors . 

9.3. The two-dimensional Pauli operator. Note that it is also possible 
to apply the general results to the two-dimensional periodic Pauli operator 
with a singular magnetic potential perturbed by a singular electric potential. 
This operator was considered in [Su2l §14] by using a convenient factoriza¬ 
tion for the Pauli operator. The nature of the results for this operator is 
similar to Propositions 19.31 and 19.41 We will not dwell on this. 
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